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Admission Announcement KOTA CENTER (Session 2017-18) 


Stream 

Course Name (Eligibility) 

Batches Start Date 

Stream 

Course Name (Eligibility) 

Batches Start Date 

JEE(Advanced) 

Nurture (X to XI Moving) 

19 June, 03 July, 19 July 

PRE-MEDICAL 
(NEET-UG, AIIMS) 

Nurture (X to XI Moving) 

11 June, 26 June, 10 July 

Leader (XII Pass/Appeared) 

12 June, 26 June, 10 July 

Leader (XII Pass/Appeared) 

25 June, 09 July, 30 July 

Achiever (XII Pass/Repeaters) 

12 June, 02 July, 23 July, 07 Auq 

JEE (Main) 

Nurture (X to XI Moving) 

03 July 

Pre-Nurture & 

Career Foundation 

For Class VI to X 

NTSE & Olympiads 

26 June 

Leader (XII Pass/Appeared) 

14 June, 28 June, 10 July 


For Further Batches 
STARTING DATES & 
ADMISSION DETAILS 
visit our website 

www.allen.ac.in 

To Apply online (^500) Log on to www.allen.ac.in or walk-in to any nearest ALLEN Center for Application Form (^600). For more details about admission, please visit our website. 



ALLEM 

CAREER INSTITUTE 


KOTA (RAJASTHAN) 


tm Corporate Office & Study Center : 

"SANKALP", CP-6, Indra Vihar, Kota (Raj.), India, 324005 
Tel: 0744-5156100 | Email: info@allen.ac.in 
Web: www.allen.ac.in 


Hostel Help Desk Available at ALLEN Campus 


SUNDAY 

OPEN 


/ A y 

TALLEMTEX [ 

/ 


For Class 5 to 10 & 11 (Sc.) Students 

ALLEN'S Talent Encouragement Exam REGISTER NOW and 
Get Rank, Recognition & Reward at National Level 

I Dates: 8 th Oct. 2017 I 15* Oct. 2017 


aunuLfuiamr __ + 

«■»■* ? 1.25 Crore 

& CASH REWARDS 


KOTA AHMEDABAD BENGALURU | BHILWARA CHANDIGARH | INDORE | JAIPUR | MUMBAI | RAJKOT | RANCHI | SURAT | VADODARA 


#Similar Ranks Declared by JEE 





























































VIBRANT ACADEMY (KOTA) 


AIR 


THE FINAL DESTINATION FOR IIT-JEE PREPARATION 

IIT-JEE (ADVANCED) 2017 RESULT 





The Best Rank In Kota 
For 2 nd Consecutive Year 


SURAJ 

2 Year Classroom Programme 


Selections From Classroom Programme 

1503 

RECORD JEE (MAIN) TO JEE (ADVANCED) CONVERSION 

51 . 84 % 
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AIR-300 AIR-302 AIR-313 AIR-328 


AIR-342 AIR-348 AIR-394 AIR-405 AIR-410 AIR-427 AIR-433 AIR-450 AIR-471 

ALL ABOVE SELECTIONS FROM OUR CLASSROOM PROGRAMME ONLY 
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All selected Vibrantians 
are Invited for felicitation 
function to be held on 
17th June, 2017, 
at 4.30 PM in 
UIT Auditorium, 
Shreenathpuram, Kota 



Team Vibrant - Stronger Than Ever 

ADMISSION ANNOUNCEMENT 

JEE (Main + Advanced) | JEE (Main) for Academic Session 2017-18 




For XII passed students 
JEE (Main + Advanced) 

& JEE (Main) 2018 
Medium- English 

Course Commencement 
Phase IV- 21/06/2017 


For X to XI 
Moving Students 
JEE (Main + Advanced) 2019 
Medium- English Only 

Selection Test 
18/06/2017 


For students moving to 
class VIII, IX & X For 
NTSE/IJSO/School Excellence 
Direct Admission / Scholarship 
Test/ Medium-English Only 
Scholarship Test Dates 
18/06/2017, 25/06/2017 


DISTANCE LEARNING 
PROGRAMME 

ENROLLMENT OPEN 

• Vibrant Study Material Package 
(VSMP) for 2018 & 2019 

• Vibrant All India Test Series 
(VAITS) for 2018 & 2019 

• Vibrant JEE Success Package 
(VJSP) for 2017 & 2018 


For more details visit www.vibrantacademy.com 
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VI BRANT ACADEMY 

(India) Pvt. Ltd. 


Believe in Excellence 


Registered Office : A-14(A), Road No.1, Indraprastha Industrial Area, Kota - 324005. | Tel.: 0744-2428664,2428666,2423406,24254071 For DLP : 7340042900 | Fax : 0744-2423405 
Branch Office : Hindaun Heights, 57, Shri Gopal Nagar, Near Mahesh Nagar Thana, Gopalpura Bypass, Jaipur | Tel.: 0141-2502255,2503355,7073277745,7073277746 | E-mail: jaipur@vibrantacademy.com 

Website : www.vibrantacademy.com | E-mail: admin@vibrantacademy.com | Follow us on : (90 tSi 
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'T'Y'~>| Vidyamandir 

3==^^:==!] Classes 

Gurukul for IITJEE Preparation 



WORK HARD IN SILENCE, 

LET YOUR SUCCESS MAKE THE NOISE 


VMC CONGRATULATES ITS STUDENTS FOR THEIR PERFORMANCE IN JEE ADVANCED 2017 






-842 out of 1936 VMC Students QUALIFIED in JEE ADVANCED 2017- 

VMC’s 

NATO NAL 24 th JUNE & 8 th JULY 

ADMISSION TEST 1 Year Program For 12™ PASS Students 


VMC DELHI NCR CENTRES- 

H.O.: Pitampura Anand Vihar Dwarka Faridabad 

7290045420/416 (Oil) 43068924/26 (Oil) 45221178 (0129)4163119/20 

Noida Punjabi Bagh c e f °, r r e atlon Safdarjung Enclave Kalu Sarai wj r n r g Spondence 

7878480490 7290045419 (Oil)41046279/80 (Oil)42156441 


Ghaziabad 

9650495709 

Vikaspuri 

9350902825 


Greater Noida 
7290045422 
Rohtak 
9999335300 


Gurgaon 

(0124)4148541/42 


www.vidyamandir.com 


f /vidyamandirclasses 
H /Vidyamandirjn 


ALSO OFFERING, INTENSIFIED CORRESPONDENCE COURSE & VMC ALL INDIA TEST SERIES (VATS). FOR MORE INFO, CALL (Oil) 42156441 
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A Premier Institute in INDIA 

PUC, +1 & +2 | NEET | MT-JEE | AIIMS | JIPMER | 




EXCEL ACADAMICS 


Bengaluru 


NT-Main & Advanced | NEET | EAMCET | BITS | AIIMS | JIPMER | CET | COMED-K 


REGISTRATION OPEN for 


PUC/12'7+2 Passed Students 


LONE YEAR LONG TERM * 
^ MEDICAL COURSE 

(PCB) (Repeaters Course) > 


(PCB) (Repeaters Course) > 

The only Institute in INDIA 

^ successfully conducting 

I IrL 1 1 M "Daily Test 

for NEET(Medical) aspirants. 


Targeting lupCT 

3 Lakhs MCQ's for 2018 


Features of One Year Long Term Medical Programme 


Substantial Medical Entrance Coaching at EXCEL ACADAMICS done by the eminent faculty those who are 
Medical Guru's in India. 

Starting with very basics and Strengthening them at Fundamentals during coaching. 

Maintaining high end competent atmosphere. 

Timely completion of Syllabus and perfect revision. 

Special focus on Physics Numerical questions. M 

Exclusive A.C. Campus with LCD projectors for One Year Long Term Medical Programme. 

Daily 6 (Six) hours PCB teaching followed by counselling hours and doubt clarification session. 
Targeting for practicing 3 (Three) Lakh MCQ's Physics, Chemistry & Biology in this programme. 
Separate Weekend Examination for NEET, JIPMER and AIIMS. 

Updating to the parents through SMS/email regarding student's attendance, rank and their 
performance on regular basis. 

Coaching at Excel Acadamics will be helpful to attend All National Medical Entrance Examinations like 
NEET, AIIMS, JIPMER etc... along with CET, EAMCET, Kerala PMT, MHCET and COMED-K. 

24 x 7 Library facility with PCB Medical Entrance Study Materials and Magazines. 

Brand new high security hostel facility for Boys and Girls. 

Periodical Parent, Teacher, Student Meeting. 

Semi-residential facility. 

Lowest fee structure including all taxes. 


Help Line No. 

7676917777 

7676416666 


r T V ^ ^ 


Registration Started for Integrated PUC, CET, NEET and IIT-JEE coaching 


LAUNCHING 
E-40 


for sure success in 

NEET-2018 


EXCEL ACADAMICS, Opp: Peoples Tree Hospital, Sector A, Yalahanka New Town, Bangalore - 560064, KARNATAKA 


** Contact: 9535656277,9880155284,9036357499 
~ Separate Deluxe Hostel for Boys and Girls S 
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ALL INDIA RANKS IN TOP 100 


9 STUDENTS 


from classroom programs 



ARPIT MENARIA YASH JAIN RITIK ROONGTA 


Roll No. 13405464 
Classroom student since class IX 


Roll No. 15151117 
Classroom student since class XI 


Roll No. 15102234 
Classroom student since class XI 




SHIVAM GOYAL NISARG BHATT DIVYANSHU 

Roll No. 15102189 Roll No. 15155942 Roll No. 15172744 

Classroom student since class XI Classroom student since class XI Classroom student since class XI 


CATEGORY TOPPERS 


PRAKHAR MANGAL 

Roll No. 13401340 
Classroom student since class IX 


DEEPAK MEENA 


SHASHANK KUMAR 

Roll No. 15172599 
Classroom student since class XI 


The only institute from Kota to deliver highest no. of girl student’s selections (351) I The only institute from Kota to deliver highest no. of selections (568) 
from classroom programs. from hindi medium classroom programs. 



Classrooms - 4086 | DLP+ELP - 2145 


ADMISSIONS OPEN (FOR 2017-18) for Classes: V to XII & XII+ 

• JEE (MAIN .ADVANCED) • JEE (MAIN) • PRE - MEDICAL • BOARD / IJSO / OLYMPIADS / NTSE / KVPY 


Corporate Office: CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Rajasthan)- 324005 | Registered Office : J-2, Jawahar Nagar Main Road, Kota (Rajasthan)- 324005 
Tel. No.: 0744-3012100, 3012222, 6635555 | CIN: U80302RJ2007PLC024029 


Toll Free: 1800 258 5555 | To know more: sms RESO at 56677 | Website: www.resonance.ac.in | Email: contact@resonance.ac.in “f" V j&j~ ® 


o MATHEMATICS TODAY | JULY 17 


still counting 





















Competition Edge Class XII Class XI 



HIM ES] 


iflBlEEr 

MORKQiUTS 


MATHEMATICS 

©Jay 


Vol. XXXV 


No. 7 


July 2017 

Corporate Office: 

Plot 99, Sector 44 Institutional Area, 

Gurgaon -122 003 (HR), Tel: 0124-6601200 
e-mail: info@mtg.in website : www.mtg.in 

Regd. Office: 

406, Taj Apartment, Near Safdarjung Hospital, 

Ring Road, New Delhi - 110029. 

Managing Editor : Mahabir Singh 
Editor : Anil Ahlawat 


CONTENT 


8 Topper’s Talk 
12 Brain @ Work 
21 Ace Your Way (Series 3) 

27 MPP-3 

31 Thought Provoking Problems 
41 Ace Your Way (Series 3) 

49 MPP-3 

52 Maths Musing Problem Set - 175 

53 Solved Paper - JEE Advanced 
58 Olympiad Corner 

61 Challenging Problems 
65 JEE Work Outs 
69 Math Archives 

72 Mock Test Paper - JEE Main 2018 
(Series 1) 


July 2017 i pjges 92 | l! 


v,| J 


JEE 53 “ 

ADVANCED UU 


Class 


IV IT SOLVED 


in 




JwA'liH 


Individual Subscription Rates 


1 yr. 


2 yrs. 3 yrs. 


Mathematics Today 

330 

600 

775 

Chemistry Today 

330 

600 

775 

Physics For You 

330 

600 

775 

\Biology Today 

330 

600 

775 J 


Combined Subscription Rates 


1 yr. 2 yrs. 3 yrs. 


PCM 

900 

1500 

1900 
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1500 

1900 

\PCMB 
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1800 

2300 J 
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Cracking the 



Sarvesh Mehtani 


MTG: Why did you appear for Engineering Entrance? 
Sarvesh Mehtani : I saw the movie '3-Idiots' in class 8 th 
and was really inspired. I had a keen interest in Science and 
Mathematics, so appearing for Engineering exams became 
quite obvious. 

MTG : What exams have you appeared for and 
what are your ranks in these exams? 

Sarvesh : NTSE - both the stages 
KVPY-31 st rank (Stage II) 

IMO - topper (International Rank I) in class 10 th conducted 
by Science Olympiad Foundation, New Delhi 
BITS - 430/450 

JEE Advanced -AIR -1 st (Topper) 

JEE Main-AIR-55 th rank 


hat d 
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MTG : How many hours in a day 
did you study to prepare for the 
examination? 

Sarvesh : The days when I did not go to my coaching, I 
did 8-10 hours of self study and with coaching 5-6 hours 
of self study. 

MTG : On which topics and chapters you laid more 
stress in each subject? 

Sarvesh : Mathematics - Trigonometry, Co-ordinate 
Geometry, Integral Calculus, Vectors and Three Dimensional 
Geometry. 


Advanced EXAM 

Physics - Rotation, Magnetism, EMI, Waves and Mechanics. 
Chemistry - Physical Chemistry - Equilibrium, Surface 
Chemistry; Organic Chemistry - Aldehydes, Ketones and 
Carboxylic acids, Hydrocarbons and Inorganic Chemistry - 
p-Block elements, Metallurgy, Qualitative analysis. 

MTG : How much time does one require for serious 
preparation for this exam? 

Sarvesh : It depends on person to person. I had a very 
regular preparation. The total preparation for JEE Main and 
JEE Advanced was a little different. I think the preparation 
should be normally done till 12 th standard with the 10 th and 
12 th syllabus and everyone should orient themselves a little 
towards the JEE Mains because there are little 
extra topics. But after the JEE Mains are done, 
you can start preparation for JEE Advanced. 

• MTG : How was the preparation for 
JEE Advanced different from JEE Main? 
Sarvesh : It was nothing different. Just that for 
JEE Advanced, there is high amount of pressure as compared 
to other exams. 

MTG : Any extra coaching? 

Sarvesh : I attended (National Institute), Chandigarh for 
extra guidance. 

MTG : Which Subjects/Topics you were strong/ 
weak at? 

Sarvesh : In Maths, I was weak in Trigonometry and 
Functions. In Physics, I had more queries in Waves. 
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■ ...revives internal teacher! 
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• MTG : Which Books/Magazines you read? 

Sarvesh : I used many subjectwise books. I did not use any 
special books during the preparation. I also did the sheets 
given by my institute. 

• MTG : In your words what are the components of 
an ideal preparation plan? 

Sarvesh : An ideal preparation plan includes hard work, 
follow your teachers instructions and continuously work 
towards your goal in organised manner. 

• MTG : What role did the following play in your 
success: 

(a) Parents (b) Teachers (c) School 

Sarvesh : (a) My parents have given me constant support, 
they have never pressurised me and kept me stress free. 

(b) My teachers taught the complete course and helped 
me a lot. They have solved all my extra queries. 

(c) In school, focus was on complete NCERT coverage and 
practicals were conducted quite well. 

• MTG : Your family background? 

Sarvesh : My father works in Income Tax Department, 
my mother is a government ITI and my sister is doing her 
engineering. 

• MTG : What mistake you think you shouldn't 
have made? 

Sarvesh : I should have avoided silly mistakes from the 
beginning. One must focus on not doing silly mistakes along 
with getting good marks. 

• MTG : How have MTG magazines helped you in 
your preparation? 

Sarvesh : MTG Magazines have helped me a lot. 


I used to read Mathematics Today, Physics For You and 
Chemistry Today. 

• MTG : Was this your first attempt? 

Sarvesh : Yes, it is my first attempt. 

• MTG : What do you think is the secret of your success? 
Sarvesh : Continuous hard work and following guidance 
of my teachers. 

• MTG : How did you de-stress yourself during the 
preparation? What are your hobbies? How often 
could you pursue them? 

Sarvesh : I de-stress myself by talking to my friends, 
watching cartoons, listening to music, playing badminton 
and reading novels. 

• MTG : What do you feel is lacking in our education/ 
examination system? Is the examination system 
fair to the student? 

Sarvesh : There is a lot of theoretical learning rather 
than practical learning which is deteriorating the overall 
development of the child's brain. This isn't fair to the 
students. 

• MTG : Had you not been selected then what would 
have been your future plan? 

Sarvesh : I would have joined BITS Pilani as I have got 
(430/450). 

• MTG : What advice would you like to give our 
readers who are JEE aspirants? 

Sarvesh : I would advice to work hard, practice more and 
more and be focused. 

All the Best!©© 
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Concerned about your 
performance in Class XII 
Boards? 
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Well, fear no more, help is at hand**,** 

To excel, studying in right direction is more important than studying hard. Which is why we created the Excel 
Series. These books - for Physics, Chemistry, Biology & Mathematics - have been put together totally 
keeping in mind the prescribed syllabus and the pattern of CBSE's Board examinations, so that students 
prepare and practice with just the right study material to excel in board exams. 

Did you know nearly all questions in CBSE's 2017 Board Examination were a part of our Excel books? 

That too fully solved ! 


HIGHLIGHTS: 

■ Comprehensive theory strictly based on NCERT, complemented 
with illustrations, activities and solutions of NCERT questions 

■ Practice questions & Model Test Papers for Board Exams 

■ Value based questions 

• Previous years'CBSE Board Examination Papers (Solved) 

■ CBSE Board Papers 2017 Included 


WLfcG- 

•••• 

•••• 

•• 0 « 


Led,fling Mcdl;l 


Available at all leading book shops throughout the country. 
For more information or for help in placing your order: 

Call 0124-6601200 or email: info@mtg.in 

* Application to read QR codes required 



Scan now with your 
smartphone or tablet * 


Visit 

www.mtg.in 

for latest offers \ 
and to buy J 
online! 




MATHEMATICS TODAY I JULY 17 


























Topics Covered : Measurement of Angles, Trigonometric Functions, Trigonometric Equations, Properties of Triangle 


MEASUREMENT OF ANGLES 

In Geometry, angles are measured in terms of a 
right angle. This however, is an inconvenient unit of 
measurement on account of its size. 

There are three systems used for the measurement of 
angles. 

1. Sexagesimal system or English system (degree) 

2. Centesimal system or French system (grade) 

3. Circular measurement (radian) 

1. Sexagesimal System or Degree Measure 
In the Sexagesimal system of measurement a right angle 
is divided into 90 equal parts called Degrees. Each 
degree is divided into 60 equal parts called Minutes, 
and each minute into 60 equal parts called Seconds. 

1. e ., 60 Seconds (60 M ) make One Minute (T), 

60 Minutes (60') make One Degree (1°) and 
90 Degree (90°) make One Right Angle. 

2. Centesimal System or Grade Measure 

In this system the right angle is divided into 100 equal 
parts, called Grades; each grade is subdivided into 100 
Minutes and each minute into 100 Seconds. 

100 Seconds (100") make One Minute (T) 

100 Minutes (100') make One Grade (IS) 

100 Grades (100§) make One Right Angle 

3. Circular Measure or Radian Measure 
Circular system: In this system the unit of measurement 
is radian as defined below: 

Radian: One radian, written as 
l c , is the measure of an angle 
subtended at the centre of a circle 
by an arc of length equal to the 
radius of the circle. 

B' 


Take any circle APBB', whose centre is O, and from any 
point A measure off an arc AP whose length is equal 
to the radius of the circle. Join OA and OP. 

The angle AOP is the angle which is taken as the unit 
of circular measurement, i.e., it is the angle in terms 
of which in this system we measure all others. 

This angle is called C A Radian and is often denoted by l c . 

Some Important Theorems on Circular Measure 

Theorem 1. Radian is a constant angle, i.e., l c = constant 

Theorem 2. The number of radians in an angle 

subtended by an arc of a circle at the centre is equal 

arc s 

to —-— . i.e., 0 = - radians, 
radius r 

Relation between Degrees and Radians 

1 radian = —; 1° = — radian 

n 180 

Relation between three systems of measurement of 
angle 

D _ G _2R 
90 _ 100 _ n 

Remark : Where D, G and R be number of degrees, 
number of grades and number of radians respectively 
in an angle 0. 

1. Radian is the unit to measure angle and it does 
not means that n stands for 180°, n is a real number, 
where as n c stands for 180°. 

2. The angle between two consecutive digits in a 
clock is 30° (= n/6 radians). 

3. The hour hand rotates through an angle of 30° in 
one hour i.e. (1/2)° in one minute. 

4. The minute hand rotates through an angle of 6° 
in one minute. 
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CIRCULAR FUNCTIONS OR TRIGONOMETRIC 
FUNCTIONS OR TRIGONOMETRIC RATIOS 
(TRATIOS) 

Let a revolving line starting from OX trace out an angle 
XOP = 0 in any of the four quadrants. Let M be the 
foot of perpendicular from P upon X f OX. Regarding 
OM and MP as directed lengths (OP always +ve), the 
ratios of OM, MP and OP with one another are called 
circular functions or trigonometrical ratios (briefly 
t-ratios) of the angle 0. 

Let OM = x , MP = y and OP = r(r > 0), we define the 
various circular functions as follows: 


MP y 

-= — is called sine of 0, written as sin 0. 

OP r 

OM. x 

-= — is called cosine of 0, written as cos 0. 

OP r 

MP _ y 

(iii) — — (x*0) is called tangent of 0, written 
as tan 0. 


(i) 

(ii) 




Relation Between the Trigonometric Functions 

From the definition of f-ratios, we have 

cosec 0 = —-— and sin 0 =--- 

sin 0 cosec 0 


OM x 

(iv) -= — (y ^ 0) is called cotangent of 0, written 

MP y 

as cot 0. 

OP r 

( v ) 7777 - — (x ^ 0) is called secant of 0, written as 
OM x 

sec 0. 

OP r 

(vi) -= — (y ^ 0) is called cosecant of 0, written 

MP y 

as cosec 0. 


Trigonometric Ratios of Allied Angles 

Two angles are called allied angles if either 

(i) their sum is zero or 

(ii) their sum or difference is a multiple of right angle. 


sec 0 = —-— and cos 0 = —-— 
cos 0 sec 0 


cot 0 = —-— and tan 0 = —-— 
tan 0 cot 0 


Signs of Trigonometric Ratios in Different Quadrants 

The following table describes the signs of various 
t-ratios in different quadrants. 


Quadrant 

I 

II 

III 

IV 

t- ratios 

which are +ve 

All 

sin 0 

cosec 0 

tan 0 

cot 0 

cos 0 

sec 0 


t- ratios 

-0 

90° - e 

90° + 0 

180° - 0 

180° + 0 

270° - 0 

270°+ 0 

360° - 0 

360°+ 0 

sin 0 

- sin 0 

COS 0 

COS 0 

sin 0 

- sin 0 

- COS 0 

- COS 0 

- sin 0 

sin 0 

cos 0 

cos 0 

sin 0 

- sin 0 

- cos 0 

- cos 0 

-sin 0 

sin 0 

cos 0 

cos 0 

tan 0 

- tan 0 

cot 0 

- cot 0 

- tan 0 

tan 0 

cot 0 

- cot 0 

- tan 0 

tan 0 

cosec 0 

-cosec 0 

sec 0 

sec 0 

cosec 0 

-cosec 0 

- sec 0 

- sec 0 

-cosec 0 

cosec 0 

sec 0 

sec 0 

cosec 0 

-cosec 0 

- sec 0 

- sec 0 

-cosec 0 

cosec 0 

sec 0 

sec 0 

cot 0 

- cot 0 

tan 0 

- tan 0 

- cot 0 

cot 0 

tan 0 

- tan 0 

- cot 0 

cot 0 
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Trigonometric Ratios of Compound Angles 

An angle made up of the sum/difference of the 
algebraic sum/difference of two or more angles is called 
a compound angle. Some of the formulae and results 
regarding compound angles are: 

1. sin (A ± B) = sin A cos B ± cos A sin B 

2. cos (A ± B) = cos A cos B + sin A sin B 

tan A ± tan B 

3. tan (A ± B) = - 

1 + tan A tan B 

4. sin (A + B) sin (A - B) = sin 2 A - sin 2 £ 

= cos 2 B - cos 2 A 

5. cos (A + B) cos (A - B) = cos 2 A - sin 2 B 

= cos 2 B - sin 2 A 


6. cot (A ± B) 


cot A cot B + 1 
cot A ± cot B 


Sum of Sines/Cosines in Terms of Products 


( 


l sin A + sin B = 2 sin 

2. sin A - sin B = 2 cos 


A+B 


cos 


A-B' 
, 2 

V 7 V 7 

[ a+b} a-b^ 

sin 


3. cos A + cos B = 2 cos 


A-B 


. COS 


A + B} 


4. cos A - cos B = 2 sin 


A + B 


( B-A\ 


. sin 


V 7 V 7 

sin (A ± B) 

5. tan A ± tan B =- 

cos A cos B 

sin (A + B) 

6. cot A + cot B = - 

sin A • sin B 

sin (B + A) 

7. cot A - cot B =- 

sin A • sin B 


Conversely 

1. 2 sin A cos B = sin (A + 5) + sin (A - B) 

2. 2 cos A sin B = sin (A + B) - sin (A - B) 

3. 2 cos A cos B = cos (A + B) + cos (A - 5) 

4. 2 sin A sin B = cos (A-B) - cos (A + B) 

Trigonometric Ratios of Multiple Angles 

2 tan 0 

1. sin 20 = 2 sin 0 cos 0 = --— 

1 + tan 2 0 

2. cos 20 = cos 2 0 - sin 2 0=1-2 sin 2 0 


„ 1 - tan 2 0 

= 2 cos 2 0 - 1 = --— 

1 + tan 2 0 


3. tan 20 = 


2 tan 0 
1 - tan 2 0 


4. 

5. 


sin 30 = 3 sin 0 - 4 sin 3 0 
cos 30 = 4 cos 3 0-3 cos 0 


6. tan 30 = 


3 tan 0 - tan 0 
1-3 tan 2 0 


Trigonometric Ratios of Sub-Multiple Angles 

_ 0 

, . „ , . e e 2 tan 2 

1. sin 0 = 2 sin — cos — =- 


2 2 1 + tan 2 — 


2 0 -2^^ 2^i 

cos 0 = cos-sin — = 2 cos -1 


1 o • 2 ® 
1 - 2 sin 


n 2 e 

1 - tan 2 — 


2 , 2 0 
1 + tan 2 — 
2 


3. tan 0 = 


0 

2 tan — 
2 


1 - tan 


0 


T-Ratios of the Sum of Three or More Angles 

1. sin (A + B + C) = sin A cos B cos C + cos A sinB 
cos C + cos A cos B sin C - sin A sin B sin C 

or sin (A + B + C) = cos A cos B cos C (tan A + tan B 
+ tan C - tan A tan B tan C) 

2. cos (A + B + C) = cos A cos B cos C - sin A sin B 

cos C - sin A cos B sin C - cos A sin B sin C 
cos (A + B + C) = cos A cos B cos C (1 - tan A 
tan B - tan B tan C - tan C tan A) 

3. tan (A + £ + C) 

tan A + tan B + tan C - tan A tan B tan C 
1 - tan A tan B - tan B tan C - tan C tan A 


Maximum and Minimum Values of Trigonometric 
Functions 

The maximum and minimum values of trigonometric 
functions of the form a sin x + b cos x are yja 2 + b 2 
and - + b 2 respectively. 

Graphs and Other Useful Data of Trigonometric 
Functions 

1. y - f(x) = sin x 

Domain = R y Range = [-1, 1], Period = 271 
sin 2 x, |sin x| e [0,1] 
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2. y = /(x) = cos x 

Domain = R, Range = [-1, 1 ], Period = 2n 
cos 2 x, |cos x\ E [0, 1] 



3. y = /(x) = tan x 

Domain = R ~ (2n + 1)71/2, ne/, Range = (-oo, oo) 
Period = 71 

Discontinuous at x = (2n + 1)71/2, he/ 
tan 2 x, |tan x| E [0, oo) 
tan x = 0 => x = nn , he/ 



5. 7 = /(x) = sec x 

Domain = R ~ (2n + 1)71/2, he/ 
Range = (-oo, - 1 ] u [ 1 , oo) 

Period = 271, sec 2 x, |sec x\ E [1, oo) 



6 . y = /(x) = cosec x 

Domain = R ~ mi, n el; 

Range = (-oo, -l] u [l, oo) 

Period = 27t, cosec 2 x, |cosec x| E [1, oo) 



TRIGONOMETRIC EQUATIONS 

An equation involving one or more trigonometrical 
ratios of unknown angle is called a trigonometric 
equation. 


4. y = /(x) = cot x 

Domain = R ~ nn, n el; Range = (-oo, oo) 
Period = n 

Discontinuous at x = nn, n el 
cot 2 X, |cot x| E [0, oo) 



Solution or Root of a Trigonometric Equation 

The value of an unknown angle which satisfies the 
given trigonometric equations is called a solution or 
root of the equation. 

Principal Solution of a Trigonometric Equation 

The solution of a trigonometric equation lying in the 
interval [ 0 , In) is called its principal solution. 

General Solution of a Trigonometric Equation 

It is known that trigonometric ratios are periodic 
functions. In fact, sin x, cos x, sec x and cosec x are 
periodic functions with a period 271, and tan x and cot 
x are periodic functions with a period 71. Therefore, 
solution of trigonometric equations can be generalized 
with the help of period of trigonometric functions. 
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The solution consisting of all possible solutions of a 
trigonometric equation is called its general solution. 
General solution of a trigonometric equation will 
involve integral n e Z. 


General Solution of Some Equations 


Equation 

Solution 

sin 0 = 0 

0 = nn, n e Z 

cos 0 = 0 

0 = (2 n + 1) — , n e Z 

2 

tan 0 = 0 

0 = nn, n e Z 

sin 0 = 1 

0 = (4 n + 1 ) — , he Z 

2 

sin 0 = -1 

0 = (4 n - 1 ) — ,heZ 

2 

cos 0 = 1 

0 = 2nn , n e Z 

cos 0 = -1 

0 = (2 n + l)7t, n e Z 

sin 0 = sin a 

0 = nn + (- 1)” a, n e Z 

cos 0 = cos a 

0 = 2nn ± a, n e Z 

tan 0 = tan a 

0 = nn + a, where he Z 

sin 2 0 = sin 2 a or cos 2 

0 = cos 2 a 

0 = nn ± a, n e Z 

tan 2 0 = tan 2 a 

0 = nn ± a, n e Z 


Solutions of Equations of Form a cos0 + b sin0 = c 

We can solve the equation of this type by putting 


a-r cos (|) and b - r sin (|), provided 



PROPERTIES AND SOLUTION OF TRIANGLES 
Standard symbols 

The following symbols in relation to A ABC are 
universally adopted. 
mZBAC = A 
mZABC = B 
mZ.BCA - C 
A + B + C = 71 
AB = c, BC = a, CA = b 

Semi-perimeter of the triangle, s = 

So, a + b + c = 2s 


A 



The radius of the circumcircle of the triangle, z.e., 
circumradius = R 


The radius of the incircle of the triangle, z.e., inradius = r 
Area of the triangle = A = S 


Circum¬ 

circle 



C 



Sine law 

In any triangle ABC , the sides are proportional to the 
sines of the opposite angles, i.e., 
a b 


sin A sin B sin C 

Cosine law 

b 2 + c 2 - a 2 

cos A =- : -, cos B ■ 


c sin A sin B sin C 
or- 


b 


a 2 +c 2 - b 2 


cos C = 


2 be 
a 2 +b 2 -c 2 
2 ab 


lac 


Projection law 

In any A ABC, a - b cos C + c cos B,b = a cos C + 
c cos A, c = a cos B + b cos A 

Napier’s analogy 

In any AABC, 

(A-B"\ a-b c 

(i) tan - =-cot — 

2 J a + b 2 

s. \ B ~ C 1 b ~ c a 

(li) tan - = cot — 

1 2 J b+c 2 


(iii) tan 


C-A 


c - a B 

-cot — 

c + a 2 


Trigonometric Ratios of Half Angles 


. A (s-b)(s-c ) . B (s - c)(s - a) 

W Sm I = J - be -■ Sm 2 = i -^-' 


. C ( s-a){s-b ) 
sin — = ,- 

2 V ab 


.... A s(s-fl) B 

(u) cos J = <]—j^—’ cos J' 


s(s - b) 


ca 


. C s(s-c) 

sm — = J- 

2 v ab 


A (s - b)(s - c) B (s-c)(s-a ) 

(iii> 7 = i ■ ,a " 7 = i 5(5 - b) ■ 


c (s-a)(s-b) 

tan — = - 

2 \| s(s - c) 
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tan A + tan 5 


Area of Triangle 

(i) Area of a triangle in terms of sides (Heron's formula) 

A = ^s(s - a)(s - b)(s - c ) 

(ii) Area of triangle in terms of one side and sine of 
three angles. 

^ a 2 sin B sin C b 2 sin A sin C 

2 sin A 2 sin 5 

c 2 sin A sin B 
2 sin C 


PROBLEMS 


1 . If A + 5 = 45°, show that (1 + tan A) (1 + tan B) = 2. 

2. If a, (3 and y are in A.P., show that 

^ sin a - sin y 

cot |3 = -- 

cos y - cos a 

3. Find the maximum and minimum value of 
cos 2 0 - 6 sin 0 • cos 0 + 3 sin 2 0 + 2 

4. Find the most general solutions for 

2 sin x _|_ 2 COS x _ 2 1 “ 11 ^ 

5. Solve the equation 

sin x + cos x - 2 V 2 sin x cos x = 0 . 


6 . 


C B 

Solve: b cos 2 —he cos 2 — in terms of k where k is 
2 2 

perimeter of the A ABC. 

With usually notations, if in a triangle ABC , 

b + c c + u u + b , . 1 , 

., then prove that: 


11 12 13 

cos A cos B cos C 


7 19 25 


8 . 


9. 


10 . 


2 A 2 ^ 

In a AABC, c cos —ha cos — 
2 2 


2 


then show 


a, fc, c are in A.P. 

A circular wire of radius 7.5 cm is cut and bent so 
as to lie along the circumference of a hoop whose 
radius is 120 cm. Find in degrees the angle which is 
subtended at the centre of the hoop. 

A horse is tied to a post by a rope. If the horse moves 
along a circular path always keeping the rope tight 
and describes 88 metres when it has traced and 72° 
at the centre, find the length of the rope. 


SOLUTIONS 


tan A + tan B 

1. We know, tan (A + B) = - 

1 - tan A tan B 


(Y tan 45° = 1) 


1 = - 

1 - tan A tan B 

tan A + tan B + tan A tan 5=1 

or, 1 + tan A + tan B + tan A tan 5=1 + 1 

=> (1 + tan A) + tan 5(1+ tan A) = 2 

=> (1 + tan A)(l + tan 5) = 2 

2. Since, a, P and y are in A.P, 


2(3 = a + y => cot P = cot 


a + y 


cos 


a + y 
2 


sin 


Multiplying and dividing by 2 sin 


( OL - y ^ 


a + y 
2 

, we get 


2 cos 


cot P = 


a + y 


* sin 


a 


2 sin 


a + y 


sin 


a - y 


sin a - sin y 
cos y - cos a 


3. We have, cos 2 0 - 6 sin 0 • cos 0 + 3 sin 2 0 + 2 

= (1 - sin 2 0) - 3 sin 20 + 3 sin 2 0 + 2 
= 2 sin 2 0 - 3 sin 20 + 3 
= (1 - cos 20) - 3 sin 20 + 3 
= 4 - (cos 20 + 3 sin 20) ...(i) 

as we have, - VlO < cos 20 + 3 sin 20 < VlO 
- VlO < - (cos 20 + 3 sin 20) < VlO 
or, 4 - VlO < 4 — (cos 20 + 3 sin 20) < 4 + VlO ...(ii) 
From (i) and (ii), we get 

4 — VlO < cos 2 0 - 6 sin 0 cos 0 + 3 sin 2 0 + 2<4 + V 10 

Hence, 4 + VlO and 4 - VlO are the maximum and 
minimum values. 

4. As we know, A.M. > G.M. 


2Sin x 2 cos * 


> ^2 sinx •: 


(equality holds only when 2 sin * = 2 C0S x ) 

. 2 s i n;c + 2 C0S * > 

Now, equation (i) admits minimum value when 
sinx + cosx is (-V2) 

Vn 2 + b 2 S a cos x + bsinx< Vfl 2 + h 2 J 

-V2/2 
1-1/V2 


-(i) 


using ■ 


2 sin * + 2 C0Sx >2- 


~sin x , ^cos x ^ ^ ^ 

or 2 +2 > 2-2 


or 2 Sm * + 2 C ° S X >2 
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Thus the equation holds only when, 

2 sm * = 2 C0S * => sin x = cos x => tan x = 1 

ji 

=> x = nn -\— is the general solution. 

4 

5. Let (sin x + cos x) = t and using the equation 
t 2 -1 

sin x • cos x = -, we get 


t-iji 


( t 2_ x \ 


= 0 => V2£ 2 — t — V2 = 0 


v 1 / 

=> t = V 2 and- 1 = t = yfl, U— — 7 = are roots of 

V2 V2 

this quadratic equation, thus the solution of the given 
equation reduces to the solution of two trigonometric 
equations. 

sin x + cos v = V 2 and sin * + cos x = — \= 

V2 

1.1 

=> —j= sin v + —= cos x = 1 

V2 V2 

1.1 1 
=> —= sin x + —= cos x- - 

V 2 V 2 2 

71 . 71 

=> sm x . cos — + sin — cos x = 1 
4 4 

, , n . n 1 

Similarly, sin x . cos — + sm — cos x = - — 


sm 


71 


n 


\ 


x + — 1 = 1 and sin x H— 


V 


x + — = (4 n + 1 ) — and x + — = nn + (- l) n . 
4 2 4 


_ TC 1 , \yi K ( TC 

x = 2n k H— and x = nn + (- 1 )-— 

4 6 


2 C 2 B 

6 . Here, cos —he cos — 


c 

= - (1 + cos C) + - (1 + cos 5) 

2 2 

£7 + c l 

=-h — (b cos C + c cos B) 

2 2 

[using projection formula] 

?7 + c 1 a + b + c 

—- 1 — u — - 

2 2 2 

b cos 2 — + c cos 2 — = — [where /c = a + + c\ 

2 2 2 

fr+c c+a a+b 

7 . Let-=-=- =k 

11 12 13 

=> 2(a + b + c) = 3 6k ...(i) 


and b + c = llfc, c + a = 12fc, a + b = 13k ...(ii) 
Solving (i) and (ii), we get 
and a = 7k, b = 6k, c = 5k 
Hence, 

b 2 +c 2 -a 2 36k 2 + 25k 2 -49k 2 12 1 7 

cos A =-=---= — = - = — 

2 be 60 k 2 60 5 35 

a 2 +c 2 — b 2 49k 2 + 25k 2 -36k 2 38 19 

cos B = -=---= — = — 

2 ac 70 k 2 70 35 

a 2 +b 2 - c 2 49k 2 + 36k 2 -25k 2 60 5 25 

cos C =-=---= — = — = — 

2 ab 84 k 2 84 7 35 

cos A cos B cos C 

=> - = - = - . 

7 19 25 

/j 7 

8 . Here — (1 + cos A) + — (1 + cos C) = — 

2 2 2 

=> a + c + (c cos A + a cos C) = 3b 

=> a + c + ?7 = 3?7 (using projection formula) 

=^> a + c = 2b 

which shows a, b , c are in A.P. 

9. Radius of the circular wire is 7.5 cm. 

.*. Length of the circular wire = 2n x 7.5 = 15 n cm 
Radius of the hoop = 120 cm 

Let 0 be the angel subtended by the wire at the centre 
of the hoop. Then, 


0 = 


arc 

radius 




n 180 

— x — 

8 71 


= 22° 30' 


10. Let the post be at 
point P and let PA be the 
length of the rope in tight 
position. Suppose the horse 
moves along the arc AB 
so that ZAPB = 72° and 
arc AB = 88 m. Let r be 
the length of the rope i.e., 
PA - r metres. 



Here, 0 = 72° = 


72 x- 


180 


271 


0 = 


arc 

radius 



— => r - 88 x — = 70 metres (approx), 
r 271 

<$><» 
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► sin 0 = sina =^> 0 = nn + ( -l) n a, n e Z 

► cos 0 = cosa => 0 = 2nn ± a, n e Z 

► tan 0 = tana 0 = mi + a, n e Z 

► sm 2 0 = sin 2 a 0 = /iti ± a, n g Z 

► cos 2 0 = cos 2 a =^> 0 = mt ± a, n e Z 

► tan 2 0 = tan 2 a Q = nn ± a, n e Z 

► cos 0 = cos a and sinQ = sina =>Q = nn + a, n e Z 
Properties of triangles 

► Sine formula (sine rule) 

• The sines of the angles are proportional to the 
lengths of the opposite sides. 

A 


► Cosine formula 
• cos A = 



re., - 


u 2 , J2 2 

b + c —a 


• cos B = 


2bc 


a 2 + c 2 -b 2 


• cos C = 


2ac 


a 2 +fc 2 -c 2 


2ab 


► Napolian or Napiers Analogy or Tangent Law 


, A-B) a-b C 
• fan -I =-cot — 


2 ) a+b 2 


, 5-C ] ?7-c A 

• tan -I =-cot — 


b + c 2 


. C-A | c-a B 

• tan |-| =-cot — 

c + a 2 


► If A, B, C are angles of a triangle ABC, then 

• sin2A + sin2B + sm2C = 4sinAsinBsinC 

• tanA + tanB + tanC = tanAtanBtanC 


PRINCIPLE OF MATHEMATICAL INDUCTION 


► The proposition P(n) involving a natural number 
n is assumed to be true for all natural numbers 
n if the following two conditions are satisfied : 

► The proposition P(n) is true for n = 1 i.e., 
P(1) is true. 

► P(m) is true => P(m + 1) is true. 

i.e., P(m + 1) is true whenever P(m) is true. 


► But for many problems, following extended form 
of the principle of mathematical induction is used. 

► If P(n) is proposition such that: 

► P(l), P(2), ., P(k) are true. 

► P(m), P(m + 1), ., P(m + k - 1) are true 

=> P(m + k) is true. 

Then P(n) is true for all natural numbers n. 


WORK IT OUT 


VERY SHORT ANSWER TYPE 

1. In a A ABC , if a - V3 +1, B = 30° and C = 45°, then 
find the value of c. 


SHORT ANSWER TYPE 

6. Assuming the distance of the earth from the moon 
to be 38400 km and the angle subtended by the 
moon at the eye of a person on the earth to be 31' 
find the diameter of the moon. 


2. In a A ABC, if b - V3 +1 , c = y/3 -1 and A = 60°, 

then find the value of tan (- 

l 2 

3. If A+ B= — , then find the value of 

4 

(1 + tan A) (1 + tan B). 

4. If 3 tan 0 tan cp = 1. Prove that 2 cos (0 + cp) = cos (0 - (p) 

5. Prove that cos 55° + cos 65° + cos 175° = 0. 



7. The angles of a triangle are in A.P. and the ratio of 
the smallest angle in degrees to the greatest angle in 
radians is 60 : 71. Find the angles of the triangle in 
degrees and radians. 

8. If m- tan x + sin x and n = tan x - sin v, prove that 
m 2 - n 2 = 4\[nm 


9. 


Evaluate sin 


{«7c+ ( -ir^} 


; where n is an integer. 
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10 . Prove that sin A*sin (60° - A)*sin (60° + A)= — sin 3A . 

4 


LONG ANSWER TYPE - I 

11. Find the number of solutions of the equation 
2 sin 3 v + 2 cos 3 x - 3 sin 2x + 2 = 0 in [0,47i]. 

12. In a A ABC, if a + C = 0, then find the 


value of ZB. 


k 2 -c 2 k 2 -a 2 


a A +b A 


LONG ANSWER TYPE - II 


(n-l)P | . np 
cos an-— sin- 

equals ---^—--— VneN. 

sin — 

2 


17. If 


cos 4 A sin 4 A 


cos 2 B sin 2 B 


= 1, prove that: 


tan | ^ - 0 J • tan f ^ - a \ -m 


SOLUTIONS 


1. We have, B = 30° and C = 45° 
=> A = 105° 

a c 


By sine rule, 

V3+1 


sin A 
c 


sinC 

(V3 +1) 


>c = - 


sinl05° sin45° ^ V 3 +I V 2 
2. By Napier's Analogy, we have 


—Ux2^2 =2 


tan 


13. If 0 < 0 < —, and if ^ + ^ = | 1 + s ^ n ^ ? then find the 

2 1 - y ^ 1 - sin 0 

value ofy. 

14. Show that n 3 + (n + l ) 3 + (n + 2) 3 is divisible by 9 for 
every natural number n. 

15. If a and (3 be two different roots of the equation 

2 a fo 

a cos 0 + b sin 0 = c, prove that sin (a + |3) = — 2 - 2 . 


b-c A (B-C] 

V 2 ) b+c 2 V 2 ) 


iS 


cot 30° = 1 


16. By using law of Mathematical induction, prove that 
the statement 

cosa + cos(a + (3) + cos(a + 2(3) + ... 

+ cos(a + (n - 1)(3) 


= 2 


(i) sin 4 A + sin 4 B = 2 sin 2 A sin 2 B 
.... cos 4 B sin 4 B n 

(ii) r: + — TT" 

cos A sin A 

18. Show by using the principle of mathematical 
induction that 

1 + 2 + 3 + ... + n < ^-( 2 h + 1) 2 
8 

n n sin a cos a , 

19. If tan P = -, show that 

1 - n sin 2 a 

tan (a - P) = (1 - n) tan a. 
sin (0 + a) 1 — m 

20. If-;+- t - —, prove that 

cos (0 - a) 1 + m r 


3. From given, we have tan (A + B) = tan — 

tan A + tan B = 1 - tan A tan B 
=> tan A + tan B + tan A tan B = 1 

=> (1 + tan A) + tan B (1 + tan A) = 1 + 1 

(by adding 1 on both sides) 
=> (1 + tan A) (1 + tan B) = 2 

4. Given, 3 tan 0 tan cp = 1 or cot 0 • cot cp = 3 

cos 0 cos cp 3 

or . A . -— 7 

sin 0 sin cp 1 

By componendo and dividendo, we have 

cos 0 cos cp + sin 0 sin cp 3 + 1 cos (0 - cp) 

cos 0 cos cp - sin 0 sin cp 3-1 cos (0 + cp) 

=+ 2 cos (0 + cp) = cos (0 - cp) 

5. L.H.S. = cos 55° + cos 65° + cos 175° 

55°+ 65° 55°-65° 

= 2 cos-cos-K cos 175° 

2 2 

= 2 cos 60° cos (-5°) + cos 175° 

= 2 x - cos 5° + cos (180° - 5°) = cos 5° - cos 5° = 0 
2 

6 . Let AB be the diameter of the moon and O be the 
observer on earth. 

Given, ZAOB = 31' = 77 X 777 radians. 

60 180 

Since angle subtended by the moon is very small, 
therefore, its diameter will be approximately equal 
to the arc of a circle whose centre is the eye of the 
observer and radius is the distance of the earth from 
the moon. Also the moon subtends an angle of 31' at 
the centre of this circle. 

I 


AB 


0 =- 
r 

31 n 

60 X l80 


31 

AB = — x 

60 7x180 




x 38400= 346 —km 
63 
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Given, - 


7. Let the angles of the triangle be (0 - d)°, 0°, (0 + d)°, 
where d > 0. Then, 

0 - d + 0 + 0 + d = 180 => 30 = 180 => 0 = 60° 

Hence the angles are (60 - d)°, 60° and (60 + d)° 

least angle in degrees _ 60 

greatest angle in radians 7T 

(60 -d) 60 T n i. 

=* -= — v 1 =-radians 

(60 + d)— 71 180 

v ; 180 

(60 — d) 180 60 60 -d 1 

=> 7 --.-= — =^> - - = -=>d = 30° 

(60 + d) 71 71 60 + d 3 

Thus the angles are 30°, 60°, 90°. 

In radians, the angles are 

30x—1, (60x— 1/90 x — 

180 ) ^ 180 J ^ 180 

• 71 71 j 71 

Le -> -,-and-. 

6 3 2 

8 . L.H.S. = m 2 - n 2 = (tan x + sin x) 2 - (tan v - sin x) 2 

= 4 tan x • sin x 

Now, R.H.S. = 4 \fmn = 4^(tan x + sin x)(tan x - sin x) 
sin 4 x 4 sin 2 * 

= 4 A --— =-= 4 tan x • sin x = L.H.S. 

V cos 2 x cosx 

9. Since, sin (7t + 0) = - sin 0 
sin (nn + 0 ) = (- l) n sin 0 


1 71 


n 71 


••• sin jrat + (- 1 )” —j = (- 1 )" sinj(-l) ^ 

= (- 1 )”(- 1 )" sin - = (- 1 ) 2 ” sin^ = sin? = A= 
4 4 4 Y 

10. L.H.S. = sin A • sin (60° - A) • sin (60° + A) 

= ^sin A [2 sin (60° + A) • sin (60° - A)] 

= ^-sin A [cos (60° + A - 60° + A) 


-cos (60° +A+ 60°-A)] 


sin A (cos 2A - cos 120°) 

(2 cos 2A sin A - 2 cos 120° sin A) 


sin (2A + A) - sin (2A - A) - 2| |sin A 


= — (sin 3A - sin A + sin A) = — sin 3A 
4 4 

11. We have, 2 sin 3 x + 2 cos 3 x - 3 sin 2x + 2 = 0 

=> sin 3 v + cos 3 v + 1 - 3 sin x cos x = 0 

v a 3 + b 3 + c 3 - 3 abc = 0 


sin x + cos x + 1 = 0 


u + b + c — 0 


O • x X 2 X 

2 sin — cos — + 2 cos — = 0 
2 2 2 


~ x 
2 cos — 
2 


cos —b sin — 
2 2 


= 0 


X XX 

cos —= 0 or cos —+ sin —= 0 

2 2 2 

X X 

cos — — 0 or tan — = -1 

2 2 


Now if, cos — = 0 
2 


and 


tan — = — 1 
2 


X = 71, 371 
371 771 


2 2 

Hence, there are 4 solutions. 

12. We have, . U = . - = . C = fc (say) 
sin A sin 5 sin C 


fr 2 -c 2 fr 2 - a 2 
A: sin A 


= 0 


- + - 


k sin C 


fc (sin S - sin C) fc (sin B - sin A) 

sin A sin C 

- + - 


- = 0 


sin (B + C) sin (B - C ) sin (B + A) sin (B - A) 

1 1 


= 0 


- + - 


- = 0 


sin (B - C ) sin (B - A) 

sin (B - A) + sin (B - C) = 0 
sin (A - B) = sin (S - C) 

A - B = B - C => A + C = 25 =Y 5 = 60°. 

(v A + 5 + C = 180°) 


13. We have, 


y +1 


1 + sin 0 


i-y \i- 


■sin 0 


y +1 
1-y 


0 . 0 
cos —I-sin — 
2 2 


0 . 0 
cos —sin — 
2 2 


0 . 0 

1 _L v cos —Ksin — 

i+ y = 2 2 

1 — y 0 .0 

7 cos—sin — 
2 2 


q 

1 + y_l + tan- 


l-y 


1 - tan - 
2 


y = tan - 


0 


14. Let P(n) = n 3 + (n + l ) 3 + (n + 2 ) 3 is divisible by 9. 
Now, P(l) = l 3 + 2 3 + 3 3 = 36, which is divisible by 9 
P(l) is true. ...(i) 

Let P(m) be true => P(m) = m 3 + (m + l ) 3 + (m + 2) 3 
is divisible by 9 

=Y P(m) = m 3 + (m + l ) 3 + (m + 2 ) 3 = 9fc, where k is 
an integer 
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To prove P(m + 1) is true i.e., P(m + 1) is divisible by 9 
Now, P (m + 1) = (m +1) 3 + (m + 2) 3 + (m + 3) 3 

= (m +1) 3 + (m + 2) 3 + m 3 + 9m 2 + 27m + 27 
= [m 3 + (m +1) 3 + (m + 2) 3 ] + 9m 2 + 27m + 27 
= 9fc + 9(m 2 + 3m + 3), 
which is divisible by 9. 

Hence P(m + 1) is true whenever P(m) is true. ...(ii) 
From (i) and (ii), it follows that P(n) is true for all 
natural numbers n. 


15. Given, a and (3 are the roots of the equation 
a cos 0 + b sin 0 = c 
a cos a + b sin a = c 
and a cos (3 + fc sin P = c 
Subtracting (ii) from (i), we get 

a (cos a - cos P) + b (sin a - sin P) = 0 
=> b (sin a - sin P ) = a (cos P - cos a) 


...(i) 

...(h) 


b x 2 cos 


a + p^\ . (a-P 


tan 


2 

= a x 2 sin 

a + p 


sin 


a + p^\ ( a-p 

sin - 


Y a, p are different, sin 


2 tan 


Now, sin (a + P) = 


(Y 


a-P 


*0 


1 + tan' 


(Y)' 


2 — 

- U ~ 

' b 2 

1+ ~2 

a 


2 ab 


16. Let P{ri ): cosa + cos(a + P) + ... + cos(a + (n - 1)P) 


f (n-l 
cosl a + l — 


\ 


p 


. ftp 
sin— 
2 


. P 

sin — 

2 

Let n = 1 

.*. L.H.S. = P(l) = cosa and 
cos(a + 0)-sin— 

R.H.S. =-^-— = cos a 

sin— 

.*. P(l) is true ^ 

Let P(k) is true, where 

P(k) : cosa + cos(a + P) + .... + cos(a + (k - 1)P) 


...(i) 


cos 


a + 


(fc-DP 


sin 


. P 

sin — 
2 


Now, we prove that P(k + 1) is true whenever P(fc) is true. 
i.e., P(k + 1) : cosa + cos(a + P) + ... 

+ cos(a + (k -1)P) + cos(a + fcP) 

( fcp^i . (fc + l)p 

= l 2j 2 

. P 

sin— 

2 

Now, L.H.S. of P(k + 1) 

= cosa + cos(a + P)+ ... 

+ cos(a + (k - 1)P) + cos(a + fcP) 
= P(k) + cos(a + fcP) 

'kf 


cos 




sin 


: 3 


+ cos(a + /:P) 


sin 


2 cos(a + ^ — P) sin ^ + 2 cos(a + fcp) sin ^ 

71$ 

sin— 

2 

sinf a + fcp + ^ j - sinf a - ^ 


. P 

sin— 

2 


. 2a +fcp^\ . (k +1 i Q 
2 COS | IP 

,. p 

2sin— 


R.H.S ofP(fc+l) 


cosl o + yj-sin^^ii ||i 

" 

2 

Hence, P(k + 1) is true whenever P(k) is true. ...(ii) 
Hence, by (i) and (ii), it proves that P(n) is true for all 
natural numbers n. 

cos 4 A sin 4 A , 2 A . 2 „ 

17. Given, --— + —-— = 1 = cos A + sin A 


cos 4 A 
cos 2 B 


cos 2 B sin 2 B 

2 a .2 „ sin 4 A 

-cos A = sin A--— 

sin 2 B 


cos 2 A(cos 2 A - cos 2 B) 2 (sin 2 B - sin 2 A) 
-= sin A- 


cos 2 B 

2 

COS A, 2 a 2 D \ 

--—(cos A-cos B) 

cos 2 B 


sin 2 B 


: s^ A [(x _ cos 2 B) - (1 - cos 2 A)] 
sin 2 B 

2 A _ 2 n \ sin 2 A / 2 a _ 2 


COS 2 A / 2 a 2 J> A11 / 2 a 2 n\ 

--— (cos A - cos B) = —-— (cos A - cos B) 

cos 2 B sin 2 B 
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(cos 2 A - cos 2 B ) 


/ 9 9 \ 

cos A sin A 

cos 2 B sin 2 B 

V 


= 0 


If cos 2 A - cos 2 B = 0, then cos 2 A = cos 2 B 

Tr cos A sin A _ 9 . • ? n . 9 . 

It----— = 0 , then cos z A sin z B = sin Z A cos z B 

cos 2 B sin 2 B 

=> cos 2 A (1 - cos 2 5) = (1 - cos 2 A) cos 2 B 

=> cos 2 A - cos 2 A cos 2 B = cos 2 5 - cos 2 A cos 2 B 

=> cos 2 A = cos 2 B 

Thus in both cases, cos 2 A = cos 2 B 

1 - sin 2 A = 1 - sin 2 B => sin 2 A = sin 2 5 

(i) L.H.S. = sin 4 A + sin 4 B 

= (sin 2 A - sin 2 B) 2 + 2 sin 2 A sin 2 B 
= 2 sin 2 A sin 2 B = R.H.S. [*.* sin 2 A = sin 2 B] 

T TT 0 cos 4 5 sin 4 B cos 4 B sin 4 B 

( 11 ) L.H.S. = -^—+ —=-^—+ — 

cos A sin A cos B sin B 

[ v cos 2 A = cos 2 B, sin 2 A = sin 2 B] 

= cos 2 B + sin 2 5=1= R.H.S. 

18. Let P(n ): 1 + 2 + 3 + ... + n < \(2n + \) 2 

8 

When n = 1, L.H.S. = 1 and R.H.S. = t-3 2 = ^ 

8 8 


Clearly, 1 < - 

O 

Let P(m) be true 


P(l) is true. 


1 + 2 + 3 +... + m< -(2m +1 ) 2 
8 


...( 1 ) 


To prove P(m + 1 ) is true. 

i.e ., 1 + 2 + 3 + ... + m + m+ l< i(2m + 3 ) 2 = a(say) 

8 -( 2 ) 
\2 


1 9 

From (1), 1+2 + 3 + ... + m + m+ l< -(2m +1) 

8 


+ (m + 1) = P(say) ...(3) 


Now, a - (3 


- (2m + 3 ) 2 — (2m +1 ) 2 - (m +1) 


1 


= - • 4(m +1) • 2 - (m +1) = 0 

••• a = P -(4) 

From (3), 1+2 + 3 + ... + m + m + l<a [*.* (3 = a] 

1 9 

or 1+2 + 3 + ... + m + m+ l< -(2m +1) 

8 

Hence P(m + 1) is true whenever P(m) is true. 

So by principle of mathematical induction it follows 
that P{n) is true for all natural numbers n. 

„ n sin a cos a 

19. We have, tan (3 =--— 

1 — n sin 2 a 


n sin a cos a 
cos 2 a 

1 n sin 2 a 


cos 2 a cos 2 a 
n tan a 


sec 2 a - n tan 2 a 1 + tan 2 a-n tan 2 a 


[Dividing numerator and 
denominator by cos 2 a] 


n tan a 


nt ana 


tan (3= 

1 + (1 — n) tan 2 a 
Now, L.H.S. = tan (a - (3) 


...( 1 ) 


tan a - tan (3 
1 + tan a • tan (3 


tan a- 


n tan a 


1 + (1 - n) tan 2 a 


1 + tan a. - 


ntana 


[From (1)] 


1 + (1 -n) tan 2 a 
tan a + (1 — n) tan 3 a-n tan a 
1 + (1 - n) tan 2 a + n tan 2 a 
(1 - n) tan a + (1 - n) tan 3 a 
1 + tan 2 a 


(1 - n) tan a(l + tan 2 a) 


20. Given, 


1 + tan a 

sin (0 + a) 1 - m 


= (1 - n) tan a = R.H.S. 


cos (0 - a) 1 + m 

sin (0 + a) + cos ( 0 -a) 1 -m + l + m 

sin (0 + a) - cos ( 0 -a) 1 -m-l-m 

[By componendo and dividendo] 


2 _ 1 
- 2 m m 


sin (0 + a) + sin 

’ K> | ^ ' 

1 

O 

1 

i_i 

sin (0 + a) - sin 

'n>| a 1 

1 

o 

1 

1_1 


sin | ^ + a J. cos I 0 - ^ 


cos — 




m 


tan | ^ + a j. cot^0-^j= —— 
-tanf—+ a)cotf—— 0 )=-— 

[4 J ^4 ) m 

= cot ^ + a jtan ^ - 0 


m 


A-- 


= tan| — — 0 .tan I — — a 

l 4 J l 4 


4*- 


<$><$> 
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MONTHLY 

Practice Problems 


T his specially designed column enables students to self analyse their 
extent of understanding of specified chapters. Give yourself four 
marks for correct answer and deduct one mark for wrong answer. 

Self check table given at the end will help you to check your 
readiness. 

Trigonometric Functions 



Total Marks: 80 

Only One Option Correct Type 


1. The general solution of e 

(a) x = mn 

, x (4m+ 1)71 
(c) x = --- 


-1/^2/^sinx 


(e smx +e cosx ) = 2 is 


(b) * = 


(4m +1)71 


(d) None of these 


2. If x sin a + y sin 2 a + z sin 3a = sin 4 a 
x sin b + y sin 2b + z sin 3 b = sin 4 b 
x sin c + y sin 2 c + z sin 3c = sin 4c 
Then, the roots of the equation 


t 3 -l £ 


f 2 - 


y + 2 


t + 


= 0 , a, b, c, ^ nn are 


v 8 

(a) sin a, sin b, sin c (b) cos a, cos b, cos c 
(c) sin 2a, sin 2b, sin 2c (d) cos 2a, cos 2b, cos 2c 

71 

3. In A ABC, a = 2b and \A-B\= — , then ZC is equal 
to 3 


(a) 


71 

2 


">T 


(W? 

(d) none of these 


4. If 


2 4 2 2 

sin 2x + 4sin x-4sin xcos x 1 

4 - sin 2 2x - 4 sin 2 x 9 


and 0 <x<n, then the value of x is 

(a) 7t/3 (b) 7t/6 

(c) 271/3 (d) none of these 

5. In any triangle ABC, 

a 3 cos (B - C) + b 3 cos (C - A) + c 3 cos (A - B) 
(a) 3 abc (b) 3a + 3b + 3c 

(c) 3 {a-b- c) (d) 3 a 2 b 2 c 2 


Time Taken: 60 Min. 
Points D, E are taken on the side BC of a A ABC 
such that BD = DE = EC. If Z.BAD-X, Z.DAE = y, 

ZEAC = z, then the value of s ^ n (- x + ) / ) s ^ n () / + 2: ) 
equal to 


is 


sinv sin z 


(a) 

(c) 


(b) 2 

(d) none of these 


8 . 


One or More Than One Option(s) Correct Type 

The equation 

^sin2x+2cos 2 x _j_ ^l-sin2x+2sin 2 x _ 2g 

is satisfied for the values of v given by 
(a) cos x = 0 (b) tan x = 0 

(c) tanx=-l (d) none of these 

The line joining the in-centre to the circum-centre of 
a triangle ABC is inclined to the side BC at an angle 


(a) tan0 = 


(b) tan0 = 


(c) tan0 = 


cosB + cosC + 1 
sin C- sin B 

cosB + cosC-1 
sin C - sin B 

1-cosB - cos C 
sin B - sin C 


9. 


(d) none of these 

The least positive non-integral solution of 
sin n(x 2 + x) - sin nx 2 = 0 is 

(a) rational 

(b) irrational of the form yfp 


(c) irrational of the form 
odd integer 

(d) irrational of the form 
odd integer 


yp-i 

4 

p-i 

4^+4 


where p is an 
, where p is an 
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10. If tan0 = 


sin a - cos a 


, then 


sin a + cos a 

(a) sin a - cos a = V 2 sin0 

(b) sin a + cos a = V 2 cos 0 

(c) cos 20 = sin 2a (d) sin 20 + cos 2a = 0 

11. If cos 4 * + sin 4 * - sin 2x + (3/4) sin 2 2x = y, then 

(a) y = 1 if x = 15 71/2 (b) y^ 0 for any value of v 

(c) y - 0 if x = 15 71 (d) y - 1 if sin 2x = 0 

12. If A = sin 2 v + cos 4 v, then for all real * 


mc^s fg 

MEMORY 


CONTEST 



(a) — <A<1 
16 

3 13 
(c) — < A < — 

4 16 


(b) 1 < A < 2 


(d) — < A < 1 
4 


13. 5 sin v - 12 cos x = -13 sin 3v, if 

(a) sin (2x - (|)/2) = 0 (b) sin (x + c|)/2) = 0 

(c) cos (x + c|)/2) = 0 (d) cos (2x + c|)/2) = 0 

where (b = sin -1 —. 

13 

Comprehension Type 

We have cos a + cos (a + (3) + cos (a + 2(3) + .... 
. n(3 

_ sin — 

cos(a + n -1 (3) =-o“ C0S 

sin — 

2 

and sin a + sin (a + (3) + sin (a + 2(3) + .... + 
n\ 3 


2a + n-l (3 


sin- 


sin(a + n -1 (3) = 


. P 

sin — 
2 


■sin 


2a + n-l (3 


sin — ^ 0 
2 


n -1 

14. X cos 

r=l 


2 [ ^ 
n 


(a) 

<«! 


(b) f-1 

(d) none of these 


15. 71 + cos a + >J\ + cos 2a + Vl + cos 3a +... upto 
n terms = 


sm- 


na 


(a) 


sin- 


a 


^a 


sm 


COS — (b) 


na 

a (n + l)a 
— cos- 


. a 
sin — 
4 


sm- 


na 


(c) V 2 -— cos + (d) none of these 


a 
sm — 
4 


1ft Who cart participate 


If you have taken any of the exams given below and 
possess plenty of grey cells, photographic memory 
then you are the right candidate for this contest. All 
you have to do is write down as many questions (with 
all choices) you can remember, neatly on a paper 
with name of the exam, your name, address, age, 
your photograph and mail them to us. 



PMT: AIIMS, JIPMER, SRMJEEE.... etc. 


Engineering: VITEEE, UPSEE, AMU, SRMJEEE, 
Odisha JEE, BIT SAT, COMED-K.... etc. 



The Benefits 


Plenty! Each complete question with answer will 
make you richer by Rs. 100*. More the questions, the 
merrier it will be. We will make you famous by 
publishing your name (photo if possible). Also you 
can derive psychological satisfaction from the fact 
thatyour questions will benefit thousandsofreaders. 


|ft And Lastly The Pitfalls 


Don't send incomplete question. Our panel of 
experts will cross-check your questions. You have to 
send it within a month of giving the particular exam. 


Mail to : The Editor, 

MTG Learning Media Pvt. Ltd. 

Plot 99, Sector 44 

Institutional Area, Gurgaon - 122003(HR) 

Tel. :0124-6601200 
or email at editor@mtg.in 

*Conditions apply 

• Payment will be made after the MCQs are published. 

• Kindly note that each question should be complete. 

• Payment will be made only for complete questions. 

• Preference will be given to the reader sending the 
maximum complete and correct questions. Other 
conditions apply. The decision of the Editor, MTG shall be 
final and binding. 
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Matrix Match Type 

16. Match the following : 


Column I 

Column II 

P. 

sin 2 24° - sin 2 6° = 

1 . 

2 

Q. 

tan6° tan42° tan66° tan78° = 

2. 

-2 

R. 

If sin v + cosec x = 2, then 
sin n x + cosec n x = 

3. 

1 

S. 

If cos x + sec x = -2, then 
for a +ve odd integer n , 
cos n x + sec n x is 

4. 

oo yn 


P 

(a) 4 

(b) 3 

(c) 1 

(d) 2 


Q R 

3 1 

4 1 

4 3 

4 3 


Integer Answer Type 

ABC 

17. In triangle ABC , tan —, tan — , tan — are in H.P., 

2 2 2 

A C 

then the value of cot — cot — is equal to 
2 2 

B C 

18. If b + c = 3a, then cot — cot — is equal to 

2 2 

19. The value of 3 tan 6 10° - 27 tan 4 10° + 33 tan 2 10° 
equals 

20. The angle 0 whose cosine equal to its tangent is 
given by sin Q = n sin 18°. Then n is equal to 
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THOUGHT q 

PROVOKING 

PROBLEMS \ 


Relations and Functions, Inverse Trigonometric 
Functions & Matrices and Determinants 



1. Show that f:N—>N, given by 

f v +1, if x is odd 

/(*)= 


x -1, if x is even 
is both one-one and onto. 


2. Let /, g : R —> R be two functions defined as 
/(x) = \x\ + x and g(x) = \x\ - x , for all x E R. Then 
find fog and gof. 

3. Let / : N —> 2V be a function defined as 
/(x) = 9x 2 + 6x - 5. Show that/: 2V —> S, where S 
is the range off, is invertible. Find the inverse of 
/and hence find/ -1 (43) and/ -1 (163). 

4. Consider the binary operations * : R x R —» £ 
and o : RxR^ R defined as a * b = |a - b\ and 
a o b = a for all, a, b E R. Show that **’ is commutative 
but not associative, V is associative but not 
commutative. 

5. Let * be a binary operation on the set of rational 
numbers given as a * b = (2 a - b) 2 , a, b E Q. 
Find 3*5 and 5*3. Is3*5 = 5*3? 

6. Let A = R x R and * be the binary operation on A 
defined by (a , b) * (c, d) - (a + c, b + d). Show that 
* is commutative and associative. Find the identity 
element for * on A. 

7. Show that the relation S in the set 
A = {x E Z : 0 < v < 12} given by 

S = {( a , b) : a, b E Z,\a- b\ is a multiple of 4} is 
an equivalence relation. Find the set of all elements 
related to 1. 


8. Show that the relation R defined by (a, b) R (c , d) 
=> a + d-b + c on the set N x N is an equivalence 
relation. 

9. Let * be a binary operation defined by 
a * b - 3a + 4b - 2. Find 4*5. 

10. Let S be the set of all rational numbers except 1 and * 
be defined on S by a * b = a + b - ab, for all a, b E S. 
Prove that : 

(i) * is a binary operation on S. 

(ii) * is commutative as well as associative. 

11. Prove that 


cos 


r cosx +cosy 
v l + cosx-cos y 


12. Express the equation : 


cot 


-l. 


7 




1 — x 


2 2 
■Z_yZ 


- 2 tan 


-l 


= 2 tan 


3-4x 2 


x y 

tan — tan — 
2 2 


4x 2 


-tan 


-l 


3 — 4x z 


as a rational integral equation in x and y. 

13. If x = cosec (tan -1 (cos (cot -1 (sec (sin -1 a ))))) and 
y - sec (cot -1 (sin (tan -1 (cosec (cos -1 a))))), where 
a e [0, 1]. Find the relationship between x and y in 
terms of 'a'. 


14. Solve : 


3 sin 


-1 


2x 

l+x 2 


-4 cos 


-l 


l-x z 

l+x 2 


+2 tan 


-l 


f 2x A 


l-x z 


15. Solve the equation : 

sin -1 6x + sin -1 6\j3x = -71/2. 


71 

3 
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26. 


1 


1 


16. Prove that : 4tan A --tan 1 — + tan 1 — = — 


n 


70 


99 4 


5n z 


17. Solve for x : (tan l x) 2 + (cot l x) 2 =- 

8 

18. Find the number of positive integral solutions of the 
equation : 

3 


tan l x + cos 1 


7 


sin 


-l 


19. Solve for x : 2 (sin -1 x) 2 - (sin -1 x) - 6 = 0 


, find A 2 - 5 A + 41 and hence 


2 0 1 

20. If A = 2 1 3 

1 -1 0 

find a matrix X such that A 2 - 5A + 41 + X = O. 

21. A trust fund, X 35,000 is to be invested in two different 
types of bonds. The first bond pays 8% interest per 
annum which will be given to orphanage and second 
bond pays 10% interest per annum which will be 
given to an N.G.O. (Cancer Aid Society). Using 
matrix multiplication, determine how to divide 
X 35,000 among two types of bonds if the trust fund 
obtains an annual total interest of X 3,200. What are 
the values reflected in this question? 


22. If A = 


1 -1 

2 -1 


and 5 = 


and (A + B) : 


as the sum 


= A 2 + B 2 , then find the values of a and b. 

~ 3 -2 -4 

23. Express the matrix A = 3-2-5 

-1 1 2 
of a symmetric and skew symmetric matrix. 

24. Using elementary operations, find the inverse of the 

~-l 1 2 


matrix 


1 2 3 
3 1 1 


25. Using properties of determinants, prove that 


be 


a 2 + ub 


ac + c 

ac 

2 


-4a 2 b 2 c 2 . 


ab b +bc 
Using properties of determinants, prove that 


b + c 
b 
c 


a a 

c + a b 

c a + b 


= 4 abc. 


27. Using properties of determinants, prove that 


a 2 +1 

ab 

ac 

ab 

b 2 +1 

be 

ca 

cb 

c 2 +1 


-l + a 2 +b 2 +c 2 


28. Prove the following, using properties of determinants. 


x 

2 


y 


z 

2 


x y z 
y+z z + x x+y 

= (x - y) (y - z) (z - x) (x + y + z). 


29. Prove that 


2 2 2 
yz-x zx-y xy-z 


zx- y 


2 2 

xy-z yz-x 

2 2 

yz-x zx-y 


is divisible 


xy-z 

by (x + y + z), and hence find the quotient. 

30. Find the equation of the line joining A(l, 3) and 
B( 0, 0) using determinants and find the value of k if 
D(k, 0) is a point such that area of A ABD is 3 square 
units. 


31. Two schools A and B decided to award prizes 
to their students for three values, team spirit, 
truthfulness and tolerance at the rate of X x, 
X y and X z per student respectively. School A, decided 
to award a total of X 1,100 for the three values to 3, 
1 and 2 students respectively while school B decided 
to award X 1,400 for the three values to 1, 2 and 3 
students respectively. If one prize for all the three 
values together amount to X 600 then 

(i) Represent the above situation by a matrix 
equation after forming linear equations. 

(ii) Is it possible to solve the system of equations 
so obtained using matrices? 

(iii) Which value you prefer to be rewarded most 
and why? 

32. The monthly incomes of Aryan and Babban are in 
the ratio 3 : 4 and their monthly expenditures are 
in the ratio 5 : 7. If each saves X 15,000 per month, 
find their monthly incomes using matrix method. 
This problem reflects which value? 

33. Two institutions decided to award their employees 
for the three values of resourcefulness, competence 
and determination in the form of prizes at the rate 
of X x,X y and X z respectively per person. The first 
institution decided to award respectively 4, 3 and 2 
employees with a total prize money of X 37,000 and 
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the second institution decided to award respectively 
5, 3 and 4 employees with a total prize money of 
^ 47,000. If all the three prizes per person together 
amount to ^ 12,000 then using matrix method find 
the value of x, y and z. What values are described 
in the question? 


34. Find A / where A= 


1 

2 

3 


2 

3 

-3 


-3 

2 

-4 


Hence solve the system of equations 
x + 2y - 3z = - 4; 2x + 3y + 2z = 2; 
3x - 3y - 4z = 11. 


35. Using matrices, solve the following system of equations : 
2x + y + z = 7, x - y - z = -4, 3x + 2y + z = 10. 


SOLUTIONS 


1. Here,/: N ^ N s.t. 

f x +1, if x is odd 
x -1, if x is even 


/(*)= 


Let x, y EN s.t./(x) = /(y) 

We shall show that x = y 

(i) If x and y both are even 

/(x) = /(y) =>x-l=y-l=>x = y 

(ii) If x and y both are odd 

/(x) = /(y) =>x+l=y+l=>x = y 

(iii) If x is odd and y is even 

/(x) = /(y) =>x+l=y-l =^> y - x = 2 ...(1) 

R.H.S. is even but L.H.S. is odd. 

=> Equation (1) in N is not possible. 

=> (iii) does not arise. 

(iv) If x is even and y is odd, does not arise. 

In any case, /(x) = /(y) => x = y 

=> / is one-one 

For any y G AT (co-domain), y can be even or odd 
When y is odd, y + 1 is even, so 

/(y + i) = (y + i) - i = y 

When y is even, y - 1 is odd, so 

/(y - !) = (y - !) + 1 = y 

=> f:N^N is onto. 

Hence,/is both one-one and onto. 

2. Here,/, g : R —» R s.t. 


/(x) =| x | +x = 
and g(x) =| x | -x = 



if x > 0 
if x<0 

if x > 0 
if x<0 


(fog) (x) =f(g(x)) 


{ /( 0 ) 

t/(-2*) 


if x > 0 
if x<0 


0 if x > 0 
|2(-2x) if x < 0 


| 0 if x > 0 
|-4x if x < 0 


and (gof) (x) = g(f(x)) 

g(2x) if x > 0 
g(0) if x < 0 

3. Let/: N -> S, f(x) = 9x 2 + 6x - 5 
Consider,/(x : ) = /(x 2 ) 

=^> 9x/ + 6x 1 - 5 = 9x 2 2 + 6x 2 - 5 
=> 9(x/ - x 2 2 ) + 6(x 1 - x 2 ) = 0 
=> (x l - x 2 )[9x : + 9x 2 + 6] = 0 

=> x l - x 2 [*.* x p x 2 EN] 

=> f is one-one. 

Since, S is the range of/ .*. /is onto. 

Since,/is one-one and onto. 

So,/is invertible. 

Let y G S be arbitrary number. 

Consider, y = /(x) => x = / _1 (y) 

=> y = 9x 2 + 6x - 5 => y = (3x + l) 2 - 6 



0 if x > 0 
0 if x < 0 


= 0 VxgR. 


-Jy + 6 = 3x +1 


x = 


Vy + 6 -i 


Also, /-w = ^=i - 

Now, /- 1 (43) = A9-l = Zzi = 2 


and / (163) = 


Vl69-1 13-1 


= 4 


4. x- a = |b - a| = |a - fc| [*.* |-x| = |x| V x G R] 
= a * b Va, b E R 
=^> * is commutative on R. 

Also, for a = 2, = 4, c = 5 

(a * b) * c = (2 * 4) * 5 = |2 - 4| * 5 
= 2*5 = |2-5| = 3 

and a * (fr * c) = 2 * (4 * 5) = 2 * |4 - 5| 

= 2 * 1 = |2 - 1 | = 1 . 

.*. (a * b) * c ^ a * {b * c) 

=> * is not associative on R. 

Also, ( aob)oc = aoc = a 
and ao(boc) = aob = a 
=> (a o b) o c = a o (b o c) Va, b, c E R 
=^> o is associative on R. 

Now, a o b = a, b o a = b 

=> a o b ^ b o a 

=^> o is not commutative on R. 
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5. We have, a * b = (2a - b) 1 2 

3 * 5 = (2 x 3 - 5) 2 = (6 - 5) 2 = 1 
5*3 = (2x5 - 3) 2 = (10 - 3) 2 = 49 
Thus, 3 * 5 ^ 5 * 3 

6. Here A - R x R and * on A is defined as 

(a, b) * (c, d) - (a + c, b + d) V(a, b), (c, d) E R 
Now (c, d) * (a, b) - (c + a, d + b) = (a + c, b + d) 

= (a, b) * (c, d) V(a, b), (c, d) E A 
=> * is commutative on A. 

Again [(a, b) * (c, d)] * (e, f) = (a + c, b + d) * (e, f) 

= ^a + c + e, b + df ^) = [a + (c 4- e), b + (d + y)^ 

= (a, b) * (c + e, d + f) 

= (a, b) * [(c, d) * (e, /)] V(a, b), (c, d), (e, f) E A 
=> * is associative on A. 

Also 0 E R and (0, 0) e A. 

V(a, b) E A, (a, b) * (0, 0) = (a + 0, b + 0) = (a, b) 
and (0, 0) * (a, b) = (0 + a, 0 + b) = (a, b) 

=> (0, 0) acts as an identity element in A w.r.t. * . 

7. We have, A = {x e Z : 0 < x < 12} 

A = {0, 1, 2, 3, ..., 12} 

and S = {(a, b) : \a - b\ is a multiple of 4} 

(i) Reflexive : For any a E A, 

\a - a\ = 0 is a multiple of 4. 

Thus, (a, a) E S .*. S is reflexive. 

(ii) Symmetric : For any a, b E A, 

Let (a, b) E S => |a - b| is a multiple of 4 
=> |b — a| is a multiple of 4 => (b, a) E S 
i.e ., (a, b) E S => (b, a) E S .*. S is symmetric. 

(iii) Transitive : For any a, b, c E A, 

Let (a, b) E S and (b, c) E S 

=> |a - b| is a multiple of 4 and |b — c| is a multiple of 4 
=> a - b = ± 4k x and b - c - ± 4 Ay; Ay, k 2 E N 
(a — b) + (b — c) = + 4 (Ay + Ay); Ay, Ay E 2V 
=> a - c = ± 4 (Ay + Ay); Ay, k 2 E N 
=> \a - c\ is a multiple of 4 => (a , c) E S 
S is transitive. 

Hence, S is an equivalence relation. 

The set of elements related to 1 is {5, 9}. 

8. (i) Reflexive : Let (a, b) be an arbitrary element of 
NxN 

=> a + b - b + a 

=> (a, b) R (a, b) for all (a, b) E N x N 
So, R is reflexive. 

(ii) Symmetry: Let (a, b), (c, d) E N x N such that 
(a, b) R (c, d)=>a + d = b + c=>b + c = a + d 
=> c + b - d + a ^ (c, d) R (a, b). 

Thus, (a, b) R (c, d) 

=> (c, d) R (a, b) for all (a, b), (c, d) E NxN. 

So, R is symmetric. 


(iii) Transitive: Let (a, b), (c, d), (e, f) E NxN such that 
(a, b) R (c, d) and (c, d) R (e, f) 

Now, (a, b) R (c, d) a + d = b + c ...(i) 

and (c, d) R (e, J) => c + f= d + e ...(ii) 

Adding (i) and (ii), we get 

(a + d) + (c + f) — (b + c) + (d + e) 

=> a + f - b + e (a, b) R (ey f) 

Thus, (a, b) R (c, d) and (c, d) R (e, f) => (a, b) R (e, f). 
So, R is transitive. 

R is an equivalence relation. 

9. Here a*b = 3a + 4b-2 

.*.4*5 = 3(4) + 4(5) - 2 = 12 + 20 - 2 = 30 

10. We have, S = Q - {1} 
a*b = a + b-ab Va, b E S 

(i) As a, b E S => a, b E Q and a ^ 1, b ^ 1 ...(1) 

a + b - ab E Q 

We check : a + b - ab ^ 1 

Suppose a + b - ab = 1 => a + b-ab-1 = 0 

=> (1 - a) (- 1 + b) = 0 

=^> Either 1 - a = 0 or - 1 + b = 0 

=> a = 1 or b = 1 

This contradicts (1). 

a + b - ab ^ 1 =^> a + b - ab E Q - {1} = S 
=> * is binary operation on S. 

(ii) Let a, b E S 

a * b = a + b -a-b = b + a - b*a = b * a, * is commutative 
in S. 

Let a,b,c E S 

Then a * (b * c) = a * (b + c - be) 

-a + b + c-bc- a(b + c - be) - a + b + c - ab - be 

- ca + abc 

= a + b-ab + c-(a + b- ab) c = (a * b) * c 
.*. * is associative 

11. Let tan —-tan — = tan 0 ...(i) 

2 2 

Consider, 

1 - tan 2 (x/2) 1 - tan 2 (y/2) 

cosx + cosy _ l + tan 2 (x/2) l + tan 2 (y/2) 

1 + cosx-cosy ^ l-tan 2 (x/2) l-tan 2 (y/2) 

1 + tan 2 (x/2) 1 + tan 2 (y/2) 

(1 - tan 2 (x/2)) (1 + tan 2 (y/2)) 

+ (1 + tan 2 (x/2)) (1 - tan 2 (y/2)) 

(1 + tan 2 (x/2)) (1 + tan 2 (y/2)) 

+ (1 - tan 2 (x/2)) • (1 - tan 2 (y/2)) 

1 - tan 2 (x/2) + tan 2 (y/2) - tan 2 (x/2) tan 2 (y/2) +1 
- tan 2 (y/2) + tan 2 (x/2) - tan 2 (x/2) tan 2 (y/2) 

1 + tan 2 (x/2) + tan 2 (y/2) + tan 2 (x/2) tan 2 (y/2) +1 

- tan 2 (x/2) - tan 2 (y/2) + tan 2 (x/2) • tan 2 (y/2) 
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_ 2 - 2 tan 2 (x/ 2 ) tan 2 (y/ 2 ) _ 1 - tan 2 0 
2 + 2 tan 2 (x/ 2 ) t an 2 (y 12) 1 + tan 2 0 

= cos 20 

L.H.S. = cos -1 (cos 20) = 20 
= 2<{tan _1 f tan— tan— |!> = R.H.S. 


{from (i)} 


12 . cot 


A 


7 

= tan -1 

V 

xjl-x 2 -y 2 ) 


Vi-* 2 - 


y 


, „ , 3-4x 2 

also, 2 tan 1 J -= tan 1 

V 4x 2 

Hence the given equation is, 


4x\[$- 


4x z 


8 x 2 -3 


tan 


-i V 1 -* 2 - 


r 


tan 


-l 


4x \f?>-4x z 
8x 2 -3 


- tan 


.1 3-4x 2 


= tan 


= tan 1 


4 *V 

■3-4x 2 

l 3-4x 2 

1 8x 2 — 3 V 

X 2 

1 ( 4x^3-4x 2 

13 — 4x 2 

X i 

8x 2 -3 \ 

1 x 2 


(3-4x 2 ) 3/2 


9x-8x 3 

... ^/l-x 2 - + _ (3 - 4x 2 ) 3/2 

y 9x — 8 x 3 

Squaring and simplifying, we get 

1-X 2 1+ (3-4x 2 ) 3 27 —27x 2 


7 " (9x — 8 x 3 ) 2 (9x - 8 x 3 ) 2 

, x 2 (9-8x 2 ) 2 

=> v z =- 

27 

13. Here, x = cosec (tan -1 (cos (cot -1 (sec (sin -1 a))))) 

( ( ( f , 


x - cosec 


x = cosec 


; = ^3-c 


tan 


cos 


( ( 


tan 


cot 
V V 
\\ 


1 


\ll-a 2 


J J 


^2-a 2 


J J 


andy = sec (cot 1 (sin(tan 1 (cosec(cos 1 a))))) 
r ( ( ( x \\\\ 


y - sec 


cot 


sin 


V V 


tan 


\ll-a 2 


J J 


>y = sec 


cot 

V V 


i " 


V 2-a 2 


r- 


■ ^3 -a 2 


•••(ii) 


From (i) and (ii), x = y - ^3~- 


14. Let tan -1 x = 0 for x > 0 
Case I : When 0 < x < 1 , then 0 < 0 < 71/4 and 

so 0 < 20 < 71/2 

, 2x 


l + x z 
1-x 


-sin 1 (sin 20 ) = 20 = 2 tan 1 x 


cos 1 -— = cos 1 (cos 20 ) = 20 = 2 tan x x 


tan 


-1 


l + x z 
2x 




1 -x 

Thus, 


/ 

\ 

3 

sin 1 

2 x 



1 +x 2 ^ 


= tan 1 (tan 20 ) = 20 = 2 tan 1 x 


-4 


cos 


l-x z 
1 + x 2 


+ 2 


_i 2x 
tan 1 - 7 


71 

5 

3 


=> 3 (2 tan l x) -4 (2 tan 1 x) + 2 (2 tan 1 x) = 71/3 
=> 2 tan -1 x = 7l/3 => tan -1 x = 71/6 =+> x = 1/ V3 

as 0 < —< 1, x = —!= is a solution. 

V3 V3 

2x 

Case II : When x = 1, tan -1 -- is not defined. 

1-x 2 

.*. x =1, cannot be a solution. 

Case III : If x > 1, then — < 0 < — and so — < 20 < 71 
4 2 2 


~-i 


2 x 

1 + x 2 


- sin 1 (sin 20) = 71 -20 = 71-2 tan 1 x. 


cos 


2 x 

1 + x 2 


= cos 1 (cos 20 ) = 20 = 2 tan 1 x. 


2 x 


= tan 1 (tan 20 ) 


...(i) 


and tan - . ^ 

1 J = 20-71 = 2 tan -1 x - 71 

Thus the given equation becomes, 

71 

3 (71 - 2 tan -1 x) -4 (2 tan -1 x) + 2 (2 tan -1 x - 7l) = — 

,71 ,71 

=> 71-10 tan 1 x = — or tan x = — 

3 # 15 

i.e., x = tan 71/15 < tan 71/4 < 1. 

.*. x = tan 71/15 is not a solution. 

.*. x = 1/ ^3 is the only solution for the given equation 
for x> 0. 

15. We have, sin (sin -1 6x) = sin (-sin -1 6^3x -71/2) 

=^> 6x = -sin (sin -1 6^/3x + sin -1 1) 

=> 6x = -sin (sin -1 Vl-108x 2 ) 


6 x =~ 4 . 


1 —108at 


-(i) 
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Squaring both sides, we get 
36x 2 = 1 - 108x 2 => 144x 2 
=> x = 1/12 and x = -1/12 

If x = — , we get 
12 


sin 


f 


+ sin 


-l 


A 

2 


n n 
6 3 


K 

2 


16. 4 tan 


-1 


-tan 


i 1 1 

1 -I-tan 1 — 


70 


99 


= 2|2tan ^l-tan 1 — + tan 1 


70 


99 


= 2< tan 


= 2 tan" 


_! 2(1/5) 

1 - (1 / 5) 2 

12 [ 7( 


70 


tan 1 — 
70 99 


= t,n- 2(5,12) , l-,an- 
U-(5/12) 2 

= tan -1 f —-1 - tan -1 f——1 
{ll9) \239) 


1 _ 1 
70 99 

70 99 ) 


— tan 1 


120 _ 1 
119 239 

yil9 A 239 




= tan 1 (1)= — 


5n z 


17. We have (tan 1 x) 2 + (cot l x) 2 = - 

8 


5n z 


(tan l x + cot 1 x) 2 - 2 tan l x • cot l x ■ 
x2 - o 8 

— -2 tan _1 x- (71/2 - tan -1 *) 

y ,* , 5k 2 n 

2 (tan 1 x) 2 -71 tan 1 x --= 0 

8 

tan l x - - 71/4, 371/4 => tan 1 x = -71/4 ^ x --1 


5k 2 

8 


18. Here, tan 1 x + cos 1 


7 


tan 1 x + tan 1 


71+7 

= tan -1 (3) 


^ = sin 1 


■v/To' 


or tan 


1 j = tan x (3) - tan 1 (x) 


or tan 1 1 — | = tan 

.7 


3-x 


r- 


l + 3x 


Thus x = 1/12 is the root of given equation. But, when 
substituting in (i), we get 

L.H.S => 6x = 1, R.H.S => -Vl-108x 2 =-1/2 
2 

Thus L.H.S ^ R.H.S of equation (i) 

Thus x = -l/12isa root of the given equation as it satisfy 
both given and equation (i). 

1 


1 + 3 x ) 3-x 

As x, y are positive integers, x - 1,2 and corresponding 
y = 2,7. 

.*. Solutions are (x, y) - (1, 2), (2, 7) (z.e.,) two solutionss. 

19. Let sin -1 x = y, we get 

2 y 2 - y - 6 = 0 => y - 2 and y = -1.5 


-I 1 -v — 


1 1 v — 


Since 2 > 71/2 and | -1.5 | < 71/2, the only solution is x 
= sin (-1.5). 

20. A 2 - 5A + 41 

"2 0 ll [~2 0 1 
2 13 2 13 
1-10 1-10 







_ 2 

0 

l " 


"l 

0 





-5 

2 

1 

3 

+ 4 

0 

1 






1 

-1 

0 


0 

0 

99 

"5 

-1 

2 " 


"10 

0 

5" 


_ 4 

0 

o ’ 

= 

9 

-2 

5 

- 

10 

5 

15 

+ 

0 

4 

0 

\ 

0 

-1 

-2 


5 

-5 

0 


0 

0 

4 


-3 

-10 


-5 4 2 

Since, A 2 - 5A + 41 + X = O => X = - (A 2 - 5A + 47) 
1 1 3 


X = 


1 3 10 

5 -4 -2 


21 . Trust fund = ^ 35,000. 

Let ? v be invested in the first bond and then 
^ (35,000 - x) will be invested in the second bond. 
Interest paid on the first bond = 8% = 0.08 
Interest paid on the second bond = 10% = 0.10 
Total annual interest = ^ 3,200. 

f0.08 

In matrices, [x 35,000 -x] 


0.10 


= [3,200] 


=> v x 0.08 + (35,000 - x) x 0.10 = 3,200 
=> 8x + 3,50,000 - lOv = 3,20,000 
=> 2x = 30,000 => v = 15,000 

^ 15,000 should be invested in the first bond and 
^ 35,000 - ? 15,000 = ^ 20,000 be invested in the second 
bond. 

The values reflected in this question are : 

(i) Spirit of investment. 

(ii) Giving charity to cancer patients. 

(iii) Helping the orphans living in the society. 
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22. We have, A 
Consider, (A + B) = 
Now, (A + B) 2 = 


1 -1 
2 -1 
1 -1 
2 -1 
1 + a 0 
^2 + b —2 

(1 + 0 

(2 + ^)(l + ^ —2) 4 


and 5 


Now, A 2 


and B = 


1 -1 

2 -1 

a 1 
-1 


1 -1 
2 -1 
a 1 

b -1 


a 1 

b -1 

a 1 

fc -1 

1 + a 0 

2 + b -2 

(l + a) z 
(2 + fc)(a-l) 

-1 0 
0 -1 

a 2 + b a — 1 
afr-fr fc + 1 


24. We have A = IA 


1 + a 0 

2 + b -2 


A 2 + B 2 = 


a 2 +b -1 0-1 

flfc -fc fc 


It is given that (A + B) 2 

= A 2 + B 2 


(1 + a) 2 0 


a 2 + b — 1 a — 1 


(2 + b)(a-l) 4 


0^7 — b b 


" 3 

-2 

-4 


" 3 

3 

-f 

3 

-2 

-5 

=> A' = 

-2 

-2 

1 

-1 

1 

2 


-4 

-5 

2 


1(A + A0=! 
2 2 


and -(A-A') = — 
2 2 


6 1 -5 

1 -4 -4 

-5 -4 4 

0 -5 -3 
5 0-6 
3 6 0 


, which is symmetric. 


which is skew symmetric. 


"-1 

1 

2 


1 

0 

o" 

1 

2 

3 

= 

0 

1 

0 

3 

1 

1 


0 

0 

1 


Applying R 2 ^> R 2 + R v R 3 —» R 3 + 3R V we get 


"-1 

1 

2 


"l 

0 

o - 

0 

3 

5 

= 

1 

1 

0 

0 

4 

7 


3 

0 

1 


Applying R 2 ^ R 2 - R y we get 


-1 1 
0 -1 
0 4 


1 0 
-2 1 
3 0 


Applying R 1 —» R x + R v we get 


By equality of matrices, comparing the corresponding 

elements, we get 

a-l = 0=>a=l and b = 4 

Also, (1 + a) 2 = a 2 + b - 1 and (2 + b) (a - 1)= ab - b 
satisfied by a - 1 and £> = 4 

23. We know that, A = - (A + A') + - (A - A') 

2 2 

Here, -(A + A') is symmetric matrix and -(A-A') is 
2 2 

skew symmetric matrix. 

Now, A = 



"-1 

0 

0 - 


"-1 

1 -f 


0 

-1 

-2 

= 

-2 

1 -1 


0 

4 

7 


3 

0 1 

Applying R-, 

—^ ^3 

+ 4R 2 , 

we get 


"-1 

0 

0 - 


~-l 

1 -1 


0 

-1 

-2 

= 

-2 

1 -1 


0 

0 

-1 


-5 

4 -3 

Applying R 2 

R 2 

~ 

2^, 

we get 


"-1 

0 

0~ 


"-1 

1 -1 


0 

-1 

0 

= 

8 

-7 5 


0 

0 

-1 


-5 

4 -3 


Applying (-1 )R V R 2 -+ (-1 )R 2 , R 3 -+ (-1 )R y we get 


—i 

0 

o 


" 1 

-1 

_i 

0 

1 

0 

= 

00 

1 

7 

-5 

i- 

o 

0 

1 


5 

-4 

3 


Hence, A 1 = 


25. L.H.S. = A = 


1 -1 

8 7 

5 -4 
a 2 

a 2 +ab 
ab 


be 


b 2 + be 


ac + c 

ac 

2 


Taking a, b, c common from C p C 2 , C 3 respectively, we get 





L 









a 

c 

a + c 


1 

" 2 

" 6 

1 

-5 _ 

1 

+ - 
2 

0 -5 

-3 



VJ 

II 

<1 

a + b 

b 

a 

A = 

1 

-4 

-4 

5 0 

—6 




b 

b + c 

c 



-5 

-4 

4 



5 6 

0 



Applying C 3 

c 3 

-c, 

- C 2> ' 



3 

1/2 

-5/2 


" 0 

-5/2 

—312 


a 

C 

0 

A= 

1/2 

-2 


■2 

+ 

5/2 

0 


-3 

VJ 

3 

II 

<1 

a + b 

b 

-2b 


-5/2 

-2 

2 


3/2 

3 


0 


b 

b + c 

-2b 
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Applying R 2 ^> R 2 - R y we get 
a c 0 
A = abc a -c 0 
b b + c -2b 

= abc(-2b)(-ac - ac) = -2ab z c(-2ac) 
= 4a 2 b 2 c 2 = R.H.S. 

b + c a a 

26. L.H.S. = b c + a b 
c c a + b 

Applying R 1 —» R : - R 2 - R y we get 
0 -2c -2fe 

c + a ^7 
c c a + fc 

Taking -2 common from R p we get 


(-2) 


0 c fc 

b c + a b 

c c a + b 


Applying C 2 —» -C 2 ,C 3 —» -C 3 ,we get 
c ^7 

0 1 1 

(-2) bcb l + a/ c 1 

c 1 a/b+1 

Applying C 2 ^> C 2 - C y we get 



0 

0 

1 


-2bc 

b 

ale 

1 



c 

-alb 

a/b + 1 


= - 2bc (- a - 

a) = 4abc = R 



a 2 + 1 

ab 

ac 

L.H.S.= 

ab 

b 2 + 1 

be 



ac 

cb , 

c 2 + 1 


Applying ft —» —ft, ft —»-ft, ft —»-ft , we get 
abc 


1 y 

fl + — ^7 

a 

7 1 
a c7 —I 

b 


abc 


b 


1 

C H— 

c 


Applying C x aC p C 2 ^C 2 , C 3 -+ cC y we get 


a^c 

a^c 


a 2 +1 


f> z 

fc 2 +l 


c 2 +l 


Applying C x —> C x + C 2 + C 3 , we get 
a + b 2 + c 2 +1 b 2 c 2 

a + b 2 + c 2 +1 b 2 +\ 2 

a 2 +b 2 +c 2 +1 b 2 c 2 +1 


Taking (a 2 + b 2 + c 2 + 1) common from C p we get 


1 


{a 2 +b 2 +c 2 + 1)1 r+i 


1 


c 2 +l 


Applying R 2 ^ R 2 - R v R 3 —> R 3 - R v we get 

1 b 2 c 2 

0 1 0 
0 0 1 


(l + a 2 + fr 2 + c 2 ) 


= (1 + a 2 + b 2 + c 2 ) (1) (1 - 0) 
= (1 + a 2 + b 2 + c 2 ) = R.H.S. 


28. L.H.S.: 


2 


y 


z 

2 


x y z 

y+z z+x x+y 

Applying R 3 —> R 3 + R p we get 

x y z 

2 2 2 
x y z 

x+y+z x+y+z x+y+z 

Taking (x + y + z) common from R y we get 

x y z 


(x + y + z) 


2 2 2 
x y z 


1 1 1 

Applying C x —> C x ~ C v C 2 ^> C 2 - C 3 , we get 
x-y y-z z 


(x + y + z) 


2 2 2 2 2 
x -y y-z z 


0 


0 


1 


Taking (x - y) and (y - z) common from C x and C 2 
respectively, we get 

' 1 1 


(x + y + z)(x - y)(y - z) 


z 
2 

x+y y+z z 

0 0 1 


= (x + y + z) (x - y) (y - z) [(y + z) - (x + y)\ 
- (x - y) (y - z) (z - x) (x + y + z) = R.H.S. 
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29. Let A = 


2 2 2 

yz-x zx- y xy-z 

2 2 2 

zx — y xy-z yz-x 

2 2 2 

xy-z yz-x zx- y 


Applying C x —> C x + C 2 + C 3 , we get 


2 2 2 2 
—(x + y +z -xy-yz-zx) zx-y 


A = 


xy-z 


2 2 2 2 2 

-(x +y +z -xy-yz-zx) xy-z yz-x 

2 2 2 2 2 

-(x +y +z -xy-yz-zx) yz-x zx-y 


Applying —» - i? 3 , P 2 - P 3 , we get 

A = -(x 2 + y 2 + z 2 - xy - yz - zx) x 

0 (x-y)(x + y + z) (y-z)(x + y + z) 

0 (x-z)(x + y + z) (y-x)(x + y + z) 

2 2 
yz-x zx-y 

Taking (x + y + z) common from R x and P 2 both, we get 
A = -(x 2 + y 2 + z 2 - xy - yz - zx) (x + y + z) 2 x 

0 x - y y - z 


1 


0 


7- 


5(0,0) is given by 


1 3 1 

0 0 1 


Now, D(Jc, 0) is a point s.t. area of A ABD = 3 sq. units 
1 3 1 

= 3=> -(0 - 3k) = ± 6 => k = ±2 


0 0 1 
k 0 1 


31. (i) Given, value of prize for team spirit = ^ x 

Value of prize for truthfulness - t y 

Value of prize for tolerance = X z 

Linear equation for School Ais3x + y + 2z = 1100 

Linear equation for School 5isx + 2y + 3z= 1400 

Linear equation for Prize is x + y + z = 600 

The corresponding matrix equation is PX = Q 


where, P = 


3 1 
1 2 
1 1 

3 


(ii) Now | P | = 


2 
3 

1 

1 2 
2 3 

1 1 


;X = 


and Q = 


1100 

1400 

600 


=-3+2-2=-3*0 


Taking -(x 2 + y 2 + z 2 - xy - yz- zx) common from C p we get 
A = -(x 2 + y 2 + z 2 - xy - yz - zx) x 


Thus, P 1 exists. So, system of equations has unique 
solution and it is given by X = P~ l Q 

-1 1 -1 

Now, adjP = 


1 

<N 

1 

8 

<N 

IK* 

1 


1 

xy - z 2 

<N 

X 

1 


1 

<N 

1 

2 

zx-y 

P 


2 1 
-1 -2 


=-adj P - 

IPI 


- p-i i 


Now, X - P 
x 

y 

z 


-1 1 

-1 

2 1 

-7 

-1 - 

2 

5 

-300 


"100 

-600 

= 

200 

-900 


300 


-1 1 -1 
2 1 -7 

-1 -2 5 


1100 

1400 

600 


2 2 
1 yz-x zx-y 

=> A = - (x + y + z) (x 3 + y 3 + z 3 - 3xyz) 

[(x - y) (y - x) - (x - z) (y - z)] 
=> A = -(x + y + z) (x 3 + y 3 + z 3 -3xyz) 

(xy + yz + zx - x 2 -y 2 - z 2 ) 
=> A = (x + y + z) (x 3 + y 3 + z 3 - 3xyz) 

(x 2 + y 2 + z 2 - xy - yz - zx) 
Hence, A is divisible by (x + y + z) and quotient is 
(x 3 + y 3 + z 3 - 3xyz)(x 2 + y 2 + z 2 - xy - yz - zx) 

30. Using determinants, the line joining A(l, 3) and 
x y 1 

= 0 => l(3x - y) = 0 =>y = 3x 


=> x = 100, y = 200, z = 300. 

Thus, the above system of equations is solvable. 

(iii) The value truthfulness should be rewarded the most 
because a student who is truthful will be also tolerant 
and will work with a team spirit in the school. 

32. Let the monthly income of Aryan be ^ 3x and that 
of Babban be ^ 4x 

Also, let monthly expenditure of Aryan be ^ 5y and that 
of Babban be ? 7y 
According to question, 

3x - 5y = 15000 
4x - 7y = 15000 

These equations can be written as 
AX = B 


IAI = 



3 

-5~ 




15000 

A = 

4 

-7 

, X = 


,5 = 

15000 


3 -5 

4 -7 


= (-21 + 20) = -1*0 


Thus, A 1 exists. So, system of equations has a unique 
solution and given by X- A -1 B 
-7 5~ 

Now, adj(A) = 


-4 3 


A -i _ adj(A) _ 

' \A\ 


7 -5 
4 -3 
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X 


_y_ 



7 -5 _ 

15000 


-6 

17 

13 

4 -3 

15000 

Now, adj A = 

14 

5 

-8 




-15 

9 

-1 


Now, X = A~ l B 


30000 
15000 

=> x = 30000 and y - 15000 
So, monthly income of Aryan = 3 x 30000 = ^90000 
Monthly income of Babban = 4 x 30000 = ^120000 
From this question we are encouraged to save a part of 
money every month. 

33. According to question, we have 
x + y + z - 12000 
4x + 3y + 2z = 37000 
5x + 3y + 4z = 47000 

The system of equations can be written as AX = B 


1 . 1 

=-adj A = — 

| A | 67 


-6 

14 

-15 


17 

5 

9 


13 

-8 

-1 



"l 

1 

l" 


X 


12000 

where, A = 

4 

3 

2 

;X = 

y 

;B = 

37000 


5 

3 

4 


z 


47000 


\M = 


The given system of equations is 
x + 2y - 3z = - 4 
2x + 3y + 2z = 2 
3x - 3y - 4z = 11 

The system of equations can be written as AX = B 


where, A = 


.*. A 1 exists, so system of equations has a unique solution 
given by X = A -1 B 
' -6 


"l 2 -3 


X 


—4 

2 3 2 

; X = 

y 

,B = 

2 

3 -3 -4 


z 


11 


6-6-3=-3^0 


.*. A 1 exists. So, system of equations has a unique 
solution and it is given by X = A~ X B 

6 -1 -f 


adj A = 


-6 -1 
-3 2 


1 

67 

1 

67 


14 

-15 

201 

-134 

67 


17 

13 

5 

-8 

9 

-1 


" 3 ~ 

= 

-2 


1 

7 ~ 

1. 



-4 


2 


11 


=> x = 3, y = - 2, z = 1. 

35. Given equations can be written as AX - B 


A -1 = —-adj A = -- 
1/11 3 


Now, X = A -1 B 
" 6 

-6 
-3 

-12000 
-15000 
-9000 


" 6 -1 -1 


"2 

1 

f 


X 


" 7 " 

-6 -1 2 

where, A = 

1 

-1 

-1 

,x = 

y 

y B = 

-4 

-3 2 -1 


3 

2 

1 


z 


10 


X 

1 

y 

I CO 

1 

II 

z 



-1 

-1 

2 


-1 

2 

-1 

4000 

5000 

3000 


12000 

37000 

47000 


2 1 1 
| A | = 1 -1 -1 
3 2 1 

A -1 exists. 

’ 1 

Now, adj A = 


2-4+5=3*0 


=> x = 4000, y = 5000; z - 3000 
The values described in this question are 
resourcefulness, competence and determination, 
"l 2 -3' 

34. Here, A = 


-4 

5 


1 

-1 


A -1 = —adj A = - 
| A | J 3 


1 


-1 -3 
1 

r 


3 2 

-3 -4 


1 

-1 

-1 


0 

3 

-3 


Since A 1 exists. So, system of equations has a unique 
solution given by X - A~ l B 



1 2 -3 


X 

_1 

" 1 1 0 _ 

’ 7 ~ 

_1 

3 


T 

=> \A\ = 

2 3 2 

3 -3 -4 

= -6 + 28 + 45 = 67 *0 => 

y 

z 

~ 3 

-4 -1 3 

5 -1 -3 

-4 

10 

~ 3 

6 

9 


2 

3 


i-i 


exists. 


l,y = 2, z = 3. 


<§><$> 
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CLASS XII 


Series 3 


ACE 


YQURWAY 

Matrices and Determinants 




MATRICES 


If A, B and C are any three matrices, then 

> Commutative law : A + B = B + A 

> Associative law : (A + B) + C = A + (B + C) 

(AB)C = A(BC) 

> Distributive law : A(B + C) = AB + AC 

(A + B)C = AC + BC 

> Existence of identity ;A+0=A=0+A 

IA = A = AI 

> Existence of inverse: A + (-A) = O = (-A) + A 
If A and B are comparable matrices and k is a scalar, 
then k(A + B) = (kA + kB) 

Ifk v k 2 are scalars and A is any matrix, then 

> (k x + k 2 )A = (k x A + k 2 A) 

> kfk 2 A) = (kfk 2 )A 

If A is an (mxn) matrix and B is an (n x p) matrix, 
then AB exists and it is an (mxp) matrix. 

(i, k) th element of AB = sum of the products of 
corresponding elements ofi th row of A and k th column 
ofB. 

Properties of Transpose 

> (A 7 ) 7 = A 

(A+5) r = A t +B t , where A and B are of same order 
(kA) 7 = kA T , where k be any scalar (real or complex) 
(AB) t = B t A t 


(ABC) 7 = C T B t A t 


A is a symmetric matrix if A 7 = A. 

A is a skew symmetric matrix if A 7 = - A. 

Any square matrix can be represented as the sum of 
a symmetric and a skew symmetric matrix. 
Elementary operations of a matrix are as follows: 
y Rj Rj or Cj ^ Cj 
y Rj —> kRj or Cj —> kCj 


y Rj —> Rj + kRj or Cj —> Cj + kCj 
If A and B are two square matrices such that 
AB = BA = I, then B is the inverse matrix of A and 
is denoted by A -1 . 

Inverse of a square matrix, if it exists, is unique. 


DETERMINANTS 


Determinant of matrix A = 


IAI = 


l 

a 2 

a? 


4 

c 2 


a 2 
a o 


h 

b 2 


is given by 


^2 c 2 


a 2 c 2 


#2 b 2 



+ Ci 


b 3 c 3 

1 

a 3 c 3 

l 

a 3 ^3 


— 


(expanding along R x ) 

For square matrix A, |A| satisfy the following 
properties: 

y \A 7 \ = |A|, where A 7 = transpose of A. 
y If we interchange any two rows (or columns), 
then sign of determinant changes, 
y If any two rows or any two columns are identical 
or proportional, then value of determinant is 
zero. 

y If we multiply each element of a row or a column 
of a determinant by constant k, then value of 
determinant is multiplied by k. 
y Multiplying a determinant by k means multiply 
elements of only one row (or one column) by k. 
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If elements of a row or a column in a determinant 
can be expressed as sum of two or more elements, 
then the given determinant can also be expressed 
as sum of two or more determinants. 

If in each element of a row or a column of a 
determinant, the equimultiples of corresponding 
elements of other rows or columns are added, 
then value of determinant remains same. 

Area of a triangle with vertices (x v yf), (x 2 , y 2 ) 
and (x y y 3 ) is given by 

1 


A = ! 
2 


y i 

72 

73 


Minor of an element a t j of the matrix A is the 
determinant obtained by deleting i th row and j th 
column and is denoted by M^. 

Cofactor of a^ is given by A^ = 
det(AB) = detA-detB, where A and B are matrices 
of same order. 

detfkA) = k n det A, if A is of order nxn 
det(A n ) = (det A) n ifn e I + 


(-ir’Mij 


IfA = 


<11 

a l2 

a 13 


• 

l 2l 

a 22 

#23 

, then 


l 3l 

#32 

a 33_ 




adj A = 


Ml 


M2 


*21 


*22 


*31 


*32 


, where A^ is cofactor of a^ 


M3 ^23 ^33 _ 

A square matrix A is said to be singular or non¬ 
singular according as \A\ = 0 or \A\ ^ 0 respectively. 
Properties of adjoint 

> A(adj A) = (adj A) A = |A| I n 

> adj (AB) = (adj Bjfadj A) 

> \adj A\ = |A| n_1 

> j adj (adj A)\ = |A| n_1 ) 2 

> \adjXA\ =X n ~ 1 adj A 

> adj (adj A) = |A| n_2 A 

> adj (A t ) = (adj A) T 

> adj (O) = O, (adj I) = I 

> If A is symmetric, then adj (A) is symmetric. 

If AB = BA = I, where B is square matrix, then B is 
called inverse of A. Also A -1 - Bor S -1 = A and hence 
(A~ 1 )~ 1 =A. 

A square matrix A has inverse if and only if A is 
non-singular. 

Properties of Inverse 

> AT 1 = ^ ^ , for non-singular square matrix A 


I A I 

AA- 1 = A -1 A = L 


> (kA)- 1 = k~ 1 A- 1 ifk*0 

> (AB)- 1 = 

> (ABC.... zy 1 = Z- 1 y- 1 . B^A- 1 

> (A T y 1 = (A- 1 ) T 

> If A = diag.(k v k 2 ,...., X n ), then 

A -1 = diag. (kf 1 , Xfi,...., X- 1 ) when X { ^0\/ i 

A system of equation is consistent or inconsistent 
according as its solution exists or not. 

If a 1 x + b 1 y + c 1 z = d 1 

a 2 x + b 2 y + c 2 z- d 2 
a 3 x + b 3 y + c 3 z = d 3 

then these equations can be written as AX = B, where 


X h c i 


X 


'X 

#2 b 2 C 2 

, X — 

y 

and B = 

d 2 

#3 b 3 c 3 


z 


R 3 _ 


> If IAI ^ 0, there exists unique solution given by 
X = A~ l B. 

> If IAI = 0 and (adj A) B ^ O, then there exists 
no solution. 


> If IAI = 0 and (adj A) B = 0, then system may or 
may not be consistent. 

Cramer's Rule : Let there be a system ofn simultaneous 
linear equations in V unknowns given by 

a ii x^ a ^ 2 X 2 “i - ... “i - #^^ — b \ 

#2i X^ 3” #22 X 2 “I - ... “I - #2^2 ^yi — b 2 

”^1 *** ^YlYl ^Yl — b -ft 


#H a 12 ••• a ln 


Let D = 


a 21 


a 22 


a 2n 


and let Dj be the 


a nl a n2 * * ‘ a nn 

determinant obtained from D after replacing the j th 


column by 


b l 

b 2 


Then, x-i=^- x -Rx ^ x = Rn provided that 

1 n 1 T) n n 

D± 0 . u U U 


> 


> 


> 


If D ^ 0, then the given system of equations is 
consistent and has a unique solution given by 


A 


Do 


Do 


D„ 


D 


D 


D 


D 


If D = 0 and D 1 = D 2 = D 3 = ... = D n = 0, then 
the given system of equations is consistent, with 
infinitely many solutions. 

IfD = 0 and at least one of the determinants D v 
D 2 , D 3 , ..., D n is non-zero, then the given system 
of equations is inconsistent and have no solution. 
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WORK IT OUT 


VERY SHORT ANSWER TYPE 

1. Construct a 3 x 2 matrix A, whose elements are 

• k (* + 2 i ) 2 

given by =-. 


, find A 1 using elementary row 



x + 1 

x + 2 

x + a 

2. If a, b , c are in A.P., prove that 

x + 2 

x + 3 

x + b 


x + 3 

x + 4 

x + c 


= 0. 


3. Evaluate 


1 -1 0 

12. If A = 2 5 3 

0 2 1 
transformations. 

13. Using properties of determinants, prove that: 
a b c 


a-b b-c c-a 
b + c c + u a + b 


— of* + b 2 * + c 2 — 3 ubc. 


3 7 13 

-5 0 0 

0 11 -2 


14. Verify that ( AB ) 1 = B 1 A 1 for matrices 


2 3 
1 -4 


and B ■ 


1 -2 
-1 3 


4. If A: 


x 2 
2 x 


and |A 4 | = 625, find the value(s) of 


x. 


5. Find the additive inverse of A + B where A and B 


are given as A = 


2 5 
9 3 


,B = 


-1 2 
3 -9 


15. Solve the following system of equations by using 
matrix method. 

3x + 4 y-7 
6x + 8y= 14 


16. If A : 


SHORT ANSWER TYPE 

6. Find the values of a and b for which the following 
hold: 


LONG ANSWER TYPE - II 

-5~ 


and /(x) = x 2 - 5x - 14, find/(A). 


-1 


a b 

’ 2 " 


"5" 

-a 2b 

-1 


4 


7. If matrix A = 
the value of p. 

r T2 -1 

8. If A = 


2 -2 
-2 2 

and 5 


and A 2 = pA , then write 


3 

-4 2 

Hence obtain A 3 . 

*"4 2 

3 5 7 

1 -2 1 

symmetric and skew symmetric matrix. 

18. Using properties of determinants, show that 


17. Express the matrix 


as the sum of 


3 2 

determinant of the matrix 3A 2 - 2 B. 


- 



a 2 +1 

ab 

ac 


- 1 

►L O 

_ 1 


ba 

b 2 +1 

be 

B = 

, find the 

ca cb 

c 2 +1 


9. If A: 


2 3 
5 -2 


, write A 1 in terms of A. 


10. If the points (a p b x ), (a 2 , b 2 ) and (a l + a 2 , + b 2 ) 

are collinear then using determinants, show that 


a l b 2 = a 2 by 


LONG ANSWER TYPE - I 


11 . If A = 


r 

O 

1_ 


"o 1 1 " 


’ 2 ’ 

-6 0 8 

,B = 

1 0 2 

and C — 

-2 

7-8 0 


1 2 0 


3 


then calculate AC, BC and (A + B)C. Also verify that 
(A + B)C = AC + BC. 


= a 2 +b 2 -he 2 +1. 


19. The management committee of a residential colony 
decided to award some of its members (say x) 
for honesty, some (say y) for helping others and 
some others (say z) for supervising the workers to 
keep the colony neat and clean. The sum of all the 
awardees is 12. Three times the sum of awardees 
for helping others and supervision added to two 
times the number of awardees for honesty is 33. 
If the sum of the number of awardees for honesty 
and supervision is twice the number of awardees 
for helping others, using matrix method, find the 
number of awardees of each category. Apart from 
these values, namely, honesty, helping others and 
supervision, suggest one more value which the 
management of the colony must include for awards. 
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-i o - 


20. If A = 

2 

3 

4 

and B = 


0 

1 

2 



2 

-4 

2 


2 -4 

2 -4 

-1 5 


, find AB. 


Hence solve the system of equations : 
x - y - 3, 2x + 3y + 4z = 17, y + 2z - 7 


5. Let C = A + B = 


Now, (-C) 


1 

12 -6 
-1 -1 
12 6 

(-C) is the additive inverse of A + B. 


(i + 2 j) 2 


SOLUTIONS 


; i =1,2,3 andj = 1, 2 


6. Given, 


2 

-1 


_ (1 + 2 ■ l) 2 _ 9 _ (1 + 2 • 2) 2 

«n- 2 _ 2’ fll2_ ~ 


25 _ 
2 ’ 


(2+2-ir 


^21 ' 


= 8, a ' 


(2 + 2 • 2) 2 


'22 ‘ 


= 18; 


_ (3 + 2-1) 2 _ 25 _ (3 + 2-2) 2 _ 49 

«3i- - -y.«32- 2 “T 


a b 
-a 2b 
2-a + b-(-l) 

(—a)-2 + 2b-(—1) 

=^> 2 a - b = 5 
and-2a -2fr = 4=>a + fr = -2 
Adding (i) and (ii), we get 3a = 3 => a = 1 
From (ii), l + t’ = -2^t» = -3 
Hence, a = 1, b = - 3. 


2a -b 


"5~ 

-2a - 2b 


4 



...( 


...(h) 


7. A 2 : 


Hence, the required matrix A 


Given, a, b, c are in A.P., 

a + c = 2b => a + c - 2b = 0 


9 25 
2 2 
8 18 

25 49 
.2 2 . 


2 

-2 


2 

-2 


" 2-2 +(-2)(-2) 

2 • (—2) + (-2) • 2 


" 8 

-8" 

(—2) - 2 + 2 - C—2) 

(—2) (-2) + 2-2 


-8 

8 


" 8 

-8 


’ 2 —2 

-8 

8 

=p 

-2 2 


•(i) 


x +1 

x + 2 

x + a 


0 

0 

a + c-2b 

x + 2 

x + 3 

x + b 

= 

x + 2 

x + 3 

x + b 

x + 3 

x + 4 

x + c 


x + 3 

x + 4 

x + c 


Given A 2 = pA = 

8 -8 

-8 8 

8 = 2 p, - 8 = -2p^p = 4 



~2p 

—2p" 


—2p 



8. A 2 = 


2 -1 
3 2 


(Using R^ + R ^ — 2 1^) 


3A 2 - 2B = 3 


-1 
2 

1 -4 


0 

0 

0 





12 

1 

x + 2 

x + 3 

x + fr 

= 0 

(Using (i)) 

3 

-12 


" 0 

8] 

x + 3 

x + 4 

x + c 



36 

3 


-2 

14 


4-3 -2-2 
6 + 6 -3 + 4 
0 4 

-1 7 


1 

12 


3. On expanding along R 2 , we get 
3 7 13 


-5 0 0 

0 11 -2 


-(-5) 


7 13 

11 -2 


+ 0 


13 

-2 


3 7 

0 11 


3-0 -12-8 

36-(-2) 3-14 

' 3 


3 

38 


-20 

-11 


|3A -2£|: 


20 
38 -11 


= 3*(—11) - 38*(-20) 
= -33 + 760 = 727 


= 5 (-14 - 143) = - 785. 
x 2 


4. Given, A = 


9. Given, A = 


|A| = x 2 


2 3 
5 -2 


Now, |A 4 | = (|A|) 4 = 625 
=> (x 2 - 4) 4 = 625 => (x 2 - 4) 2 

v-2 


■ 25 


x^-4 = ±5=>x 2 -4 = 5 or x 2 - 4 = -5 
x 2 = 9 or x 2 = - 1 

x 2 = 9 or x = 3, - 3 (*.* x 2 > 0, Vx G R) 


ad) A 

Now, |A| = 
=> A" 1 


-2 -3 
-5 2 

2 3 

5 -2 
exists 


= -4-15 = -19 + 0 
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A 1 =- —ad\A-- — 
\M 19 


-2 -3 
-5 2 


1 

19 


3 

-2 


1 


0-2 +7-(-2) +8-3 
(-5) • 2 + 0 • (-2) + 10-3 


= —A 
19 


10 . The given points are collinear 


#1 + U 2 


Cl-) CL-i 


b i 

b 2 

\ +b 2 


= 0 


a 2 b 2 
[Applying R 2 


Cl-) d i 


b-> -h 


1 
1 
1 

1 
0 
0 

1^2 — -Rp ^3 —^ ^3 — -Rj] 

= 0 [Expanding along C 3 ] 


8 - 2 + (—6)(—2) + 0-3 


28 





"9" 


" 1 ~ 


" 9 + 1 " 


"10" 

Now, AC+ BC = 

12 

+ 

8 

= 

12 + 8 

= 

20 


30 


-2 


30-2 


28 




...(ii) 


From (i) and (ii), we get 
(A + B)C = AC + BC 




"l 

-1 o' 

= 0 

12. Given, A = 

2 

5 3 



0 

2 1 






, then A = LA 


"l 

-1 

o' 


"l 

0 

o' 

2 

5 

3 

= 

0 

1 

0 

0 

2 

1 


0 

0 

1 


[Applying # 2 + R x + R 2 ] 


Using R 2 ^> R 2 - 2R V we get 


n 


- 0 


0 


11 . AC = 


^2 +2 
a l ^2 “ a 2^1 

0 6 7 
-6 0 8 
7-8 0 


a i^2 ~ a 2^V 


"1 

-1 

o’ 


’ 1 

0 

o’ 

0 

7 

3 

= 

-2 

1 

0 

0 

2 

1 


0 

0 

1 


2 

-2 

3 


Using R 2 ^> R 2 - 3R y we get 


1 -1 

0 1 


1 

-2 


0 

-3 


0-2 + 6-(—2) + 7-3 


’9" 


0 2 1 


0 0 1 

(-6) • 2 + 0 • (-2) + 8-3 

= 

12 

Using R 3 —> R 3 

- 2R V we get 

7 • 2 + (—8) • (—2) + 0-3 


30 


"l -1 O’ 


’ 1 0 0 



’0 

1 

l’ 

’ 2 ’ 


~0-2 + l-(—2) + l-3~ 


’ 1 ’ 

BC = 

1 

0 

2 

-2 

= 

1.2 + 0.(—2) + 2-3 

= 

8 


1 

2 

0 

3 


1 • 2 + 2 • (—2) + 0-3 


-2 


1 0 
0 1 


-2 

4 


-3 

7 


Using —> R x + 1^ 2 , we get 



’ 0 

6 

7" 


’0 

1 

l" 


1 

0 

0’ 


-1 

1 

-3’ 

A + B = 

-6 

0 

8 

+ 

1 

0 

2 


0 

1 

0 

= 

-2 

1 

-3 


7 

-8 

0 


1 

2 

0 


0 

0 

1 


4 

-2 

7 


’0 + 0 

6 + 1 

7 + l’ 


’ 0 

7 

8’ 


-1 

1 

-3’ 

-6 + 1 

0 + 0 

8 + 2 

= 

-5 

0 

10 

I 3 = BA, where B = 

-2 

1 

-3 

7 + 1 

-8 + 2 

0 + 0 


8 

-6 

0 


4 

-2 

7 



’ 0 

7 

8 

’ 2 ’ 


’-1 1 -3’ 

(.A + B)C = 

-5 

0 

10 

-2 

Hence, A 1 = 

-2 1 -3 


8 

-6 

0 

3 


4-2 7 
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13. Using R 2 —y R 2 - 

R x and R 3 —> R 3 + B p we get 

q 

■3 

2" 

a b e 


a 

b c 

Now, B -1 A -1 = — 

1 

1 

a-b b-c c-a 

= 

-b 

-c -a 

V 

1 

14 

5" 

b+c c+a a+fo 


a + b + c 

a+b+c a+b+c 

_ 11 

5 

1 


a b c 
= -(a + b + c) b c a 
1 1 1 

Applying C l —>C 1 - C 3 and C 2 —> C 2 - C 3 
a-c b-c c 
=-(a + b + c) b-a c-a a 
0 0 1 

Now expanding along R 3 
= -(a + b + c)((c - a) (a - c) - (b - a)(b - c)) 

= -(a + b + c)(ac - c 2 - a 2 + ac - (b 2 - be - ab + ac)) 
= (a + b + c)(a 2 + fr 2 + c 2 - ab - be - ca) 

= a 3 + b 3 + c 3 - 3afrc (Using algebraic identities) 

~9 

14. We have, A = 


.(ii) 


From (i) and (ii), we find that (AB) 1 = B 1 A l . 
15. The given system of equations can be written as 


’3 

4" 

X 


" 7 " 

6 

8 

7. 


14 


i.e., AX = B 


...(i) 


where, A = 


Now, | A | = 


3 
6 
3 

6 8 


,X = 


and B = 


7 

14 


= 24-24 = 0 


The given system may or may not be consistent. 
8 —4 


adj A = 


-6 


and 


.*. AB : 



2 

3 



1 

-2 


8 —4 


7 " 


A = 

1 

-4 

and B = 

-1 

3 

(adj A) B = 

-6 3 


14 


"2 

3 " 

’ 1 

-2" 


-1 

5 " 


" 56-56 



0 " 

1 - 

-4 

-1 

3 


5 

-14 


-42 + 42 


0 


I AB | = 


-1 


5 

5 -14 

(AB)" 1 exists. 
14 


adj (AB) ■ 


= 14 -25 = -11*0 


i 1 -1 -14 

(AB) -1 = -- -adj(AB) = — 

| AB | 11 [-5 

1 r 14 5" 

_ 11 5 1 


4 ) 


Now, | A | = 
adj A = 


2 3 

1 -4 

-4 -3 
-1 2 


= -8-3 = -11^0=>A exists 


= 0 


=> The given system is consistent and has infinitely 
many solutions. 

For the solutions of the given system : 

Let y = fc, where k is any number. 

/. From (i), we get 

3x + 4 k-7 and 6x + 8/c = 14 => x = ^ (7 - 4/c) and 

x = t (14 — 8fc) = — (7 — 4k) 

6 3 

Hence, the solutions of the given system is 
x = — (7 - 4k), y — k , where /c is any number 


16. We have, A = 


.\ A 2 = AA = 


H 

1 -2 

-1 3 

3 2 
1 1 


.*. A 1 = adj A = - ^ 
|B| - 

adj B = 


1 

"-4 

-3" 

_ 1 

"4 

3 " 

r 

11 

-1 

2 

~ 11 

1 

-2 

= 


= 3- 2 = 1^0^>B Exists. 


1 


B 1 = — 1 — adj B = 

IB | 


3 2 

1 1 


3 -5 

-4 2 

3 -5 

-4 2-4 2 

3-3 +(-5)-(-4) 3-(-5) +(-5)-2 
-4 • 3 + 2 • (—4) —4 • (—5) + 2-2 

Given/(x) = x 2 - 5x - 14 
/(A) = A 2 - 5A - 14J 2 


29 

-20 


-25 

24 


-5 


-14 



" 29 

—25~ 

- 

-20 

24 

0 _ 



1 
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29 -25 

-20 24 

29-15-14 
—20 — (— 20 ) — 0 
A 2 = 5A+ 14 L 



" 15 

-25" 


14 

o" 


-20 

10 


0 

14 


-25 —(—25) —0 
24-10-14 


0 0 
0 0 


O 


.*. A 3 = AA 2 = A(5A + 14J 2 ) (Using (i)) 

= A(5A) + A(14J 2 ) = 5AA + 14(AJ 2 ) 

= 5A 2 + 14A = 5 (5A + 14J 2 ) + 14A (Using (i)) 





" 3 

-5" 


"l o" 


= 39A + 70 1 2 

= 39 

-4 

2 

+ 70 

0 1 


117 -195" 


"70 

' o" 


" 187 

-195" 

-156 78 

+ 

0 

70 

— 

-156 

148 



17. Let A = 

"4 2 

3 5 

-f 

7 

.Then, A^ = 

"4 3 1 " 

2 5-2 


1 -2 

1 


-1 7 1 


Therefore, A + A 1 = 


4 2 

3 5 

1 -2 

8 5 

5 10 

0 5 


+ 


4 

2 

-1 


1 

-2 

1 


Let P = — (A + A T ) = 
2 


4-0 

2 


5 5 
2 


0 


Now P 1 = 


~(A + A t ) 
[_2 


5 

T 

5 

4-0 


4-0 

2 


2 

5 5 


5 5 

- 5 - 

= 

- 5 - 

2 2 


2 2 

5 


5 

0 - 1 


0 - 1 

L 2 J 


2 


Hence, P is symmetric. 




4 2 

-1 


4 3 

1 

Now, A - A T = 

3 5 

7 

- 

2 5 ■ 

-2 



1 -2 

1 


-1 7 

1 


"4-4 2-3 

-l-l" 


"o 

-1 -2 


= 

3-2 5-5 

7 + 2 

= 

1 

0 9 



1 + 1 -2 - / 

7 1-1 


2 

l 

VO 

o 

i_ 



Let Q = 


A - A 


1 


0 

1 0 
2 -9 


0 -- -1 

2 

1 0 * 


1 — 0 


1 

T 

1 

0 — -1 


0 - 1 

2 


2 

1 „ 9 


1 „ 9 

- 0 - 

= 

— 0 — 

2 2 


2 2 

9 


9 

1 — 0 


-1-0 

2 


L 2 J 


Q t = 


Hence Q is skew symmetric 

( a + a A (a-a t 

Now I—-— | + 


= -Q 


:P + Q 


r 

o 

LO 1 

1_ 


0 -- -1 

2 

* 5 5 

+ 

2 

- 0 - 

2 2 

o i i 


2 2 

1 -2 0 

L 2 J 


L 2 J 


4 2 

3 5 

1 -2 


= A 


Hence, A = 


A + a t 


+ 


A — A 


= symmetric + skew symmetric matrix 
18. Using C x + aC p C 2 -> bC 2 and C 3 -> cC 3 , we get 


a 2 +1 

ab 

ac 


3 , 

(T + 

ab 2 

ac 2 

ba 

b 2 +1 

be 

1 

fea 2 

b 3 + b 

fee 2 




abc 




ca 

cb 

c 2 +1 


ca 2 

cb 2 

c 3 + c 





a 2 +1 

b 2 

c 2 




abc 

a 2 

b 2 +1 

c 2 




abc 

a 2 

fe 2 

c 2 +1 


Using C x —> C x + C 2 + C 3 , we get 
a 2 + fe 2 + c 2 + 1 fe 2 c 2 
= a 2 + b 2 +c 2 + 1 fe 2 +1 c 2 
a 2 +b 2 +c 2 +1 fe 2 c 2 + l 
1 fe 2 

= (a 2 + b 2 + c 2 +1) 1 b 2 +1 

1 b 2 c* +1 
Using R 2 ^ R 2 - P p P 3 P 3 - P p we get 
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= ( a 2 + b 2 + c 2 +1) 


1 b z c z 

0 1 0 

0 0 1 

= ( a 2 + b 2 + c 2 + 1) -1- (1 - 0) 

= a 2 + b 2 + c 2 + 1. 

19. According to given conditions, we have 

x + y + z = 12, 2x + 3(7 + 2 ) = 33, x + 2 = 2y 
i.e ., x + 7 + 2 = 12, 2x + 37 + 3z = 33, 
x - 2^ + 2 : = 0. 

The given system of equations can be written as 
AX = B 


may include the value vigilance because if some 
members are vigilant they can save the residents of 
the colony from crimes and mishaps. 


20. AB = 


"l 

-1 

o" 


2 

3 

4 


0 

1 

2 



2 -4 

-4 2 -4 



~1 

1 

l" 


X 


12 


where A = 

2 

3 

3 

,x = 

y 

and B = 

33 



1 

-2 

1 


z 


0 

=> 


2 + 4 + 0 

2-2 + 0 

-4 + 4 + 0 

4-12 + 8 

4 + 6-4 

-8-12 + 20 

0-4 + 4 

0 + 2-2 

0-4 + 10 

6 0 O’ 



0 6 0 

0 0 6 

= 6*3 



A = J 3 => A 1 ~~B (By def. of inverse) 


Now, IAI 


1 1 1 


_ 2 2-4" 

2 3 3 

A -1 = — 

-4 2 -4 

1 -2 1 

6 




2-15 


= 9+ 1 - 7 = 3 ^ 0 

A -1 exists and so the given system has a unique 
solution X = A -1 B. 

? -3 0 


Now, adj A - 


A 1 = —-— ad) A - - 
A 7 3 


-1 

1 

9 

1 


The given system of equations is 

x - y + O 2 = 3 

2x + 3y + 4z = 17 

Ox + y + 2z - 7 

This system can be written as 


-3 

0 

3 


X = A~ 1 B = - 


-3 0 


9 

1 0 -1 
-7 3 1 

108-99 + 0 
12 + 0 + 0 
-84 + 99 + 0 


0 

-1 

1 

12 

33 

0 


’l 

-1 

o’ 

X 


’ 3 ’ 

2 

3 

4 

7 

= 

17 

0 

1 

2 

2 


7 


X 


" 3 " 

y 

and C = 

17 

z 


7 


i.e., AX = C where X = 


As A 1 exists, the given system has a unique solution 
X = A -1 C 


X = - 


1 


’ 2 

2 

-4’ 

’ 3 ’ 

-4 

2 

-4 

17 

2 

-1 

5 

7 









X 


’ 6 + 34-28 ’ 


’l2~ 


’2 ’ 


X 


’ 9 ’ 


3’ 



1 


1 






1 




=> 

7 


-12 + 34-28 


-6 

= 

-1 


7 

= — 

12 

= 

4 

=> x = 3,y = 4,2 = 5. 


~ 6 


~ 6 






3 





2 


6-17 + 35 


24 


4 


2 


15 


5 










The number of awardees for honesty = 3, for 
helping others = 4 and supervising the work = 5. 
Apart from the values honesty, helping others 
and supervision, the management of the colony 


=> x-2,y - - 1,2 = 4 

Hence, the solution of the given system of equations 
is x = 2,y = - l,c = 4. 

<$><$> 
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MPP-3 


MONTHLY 

Practice Problems 


T his specially designed column enables students to self analyse their 
extent of understanding of specified chapters. Give yourself four 
marks for correct answer and deduct one mark for wrong answer. 

Self check table given at the end will help you to check your 
readiness. 

Matrices and Determinants 



Total Marks: 80 

Only One Option Correct Type 


1. The rank of 


4 0 0 
0 3 0 
0 0 5 
(b) 3 


(a) 4 
If f(n) = a n + and 


is equal to 
(c) 5 


(d) 1 

3 1 + /(1) l + /(2) 

1 + /(1) l + /(2) l + /(3) 
l + /(2) l + /(3) l + /(4) 

= k(l- a) 2 (1 - (3) 2 (a - (3) 2 , then k is equal to 
(a) 1 (b) -1 (c) a(3 (d) a(3y 

For a fixed positive integer n, if 
n\ (« + l)! (n + 2)\ 

(« + l)! (n + 2)\ (n + 3)! 

(« + 2)! (n + 3)! (n + 4)! 

D 


D 


then 


- -4 


(n\y 


is divisible by 
(b) n 2 


(a) 3 n 

(c) n (d) none of these 

4. If n is a positive integer, then 


n+2, 


n+3, 


n+ 4/ 


n+3 1 


n+4/ 


^n +1 


^n +1 


"rc+2 


n+5 , 


■"tt+2 


^n+3 


n+4 


c, 


rc+5 


'n+2 


c„ 


n+6 


c„ 


(d) -9 


n+3 ^n+4 

(a) 3 (b) -1 (c) -5 

If B y C are square matrices of order n and if A = B + C } 

BC = CB, C 2 = O, then for any positive integer p , 
A P +1 =B k [B + (p + 1) C], k is 
(a) p + 1 (b) p (c) p - 1 (d) p + 2 

If A + B + C = 71, then 
sin(A + B + C) sin B cos C 

-sin B 0 tanA 

cos(A + H) -tanA 0 


is equal to 


Time Taken: 60 Min. 

(a) 1 (b) 0 (c) -1 (d) 2 

One or More Than One Option(s) Correct Type 


7. Let A = 


then 


(a) A 2 - 4A -5I 3 = O (b) A 


-1 . 


1 


(A —47,) 


is equal to 


9 . 


(c) A 3 is not invertible (d) A 2 is invertible 
The determinant 

b c bX + c 

A= c d ch + d 

b\,-\-c cA/ + d uh, + l>ck 
zero, if 

(a) by Cy d are in A.P. (b) b y c, d, are in G.P. 

(c) by Cy d are in H.P 

(d) X is a root of ax 3 - bx 2 + cx - d = 0 

Suppose a X y a 2 , .real numbers, with a x ^ 0. If a x , 

a 2 , a 3 ,.... are in A.P. then 

a x a 2 a 3 

(a) A = a 4 a 5 a 6 is singular 

a 5 a 6 a 2 

(b) the system of equations a x x + a^ + a 3 z = 0, 
a 4 x + a 5 y + a 6 z = 0, a 7 x + a 8 y + a 9 z = 0 has finite 
number of solutions 


(c) B -- 


ia 0 


ia 1 


is non singular 


(d) none of these 

10 . Let A, B and C be 2 x 2 matrices with entries from 
the set of real numbers. Define * as follows : 

A*B= 1/2 (. AB + BA)y then 

(a) A * B = B * A (b) A* A = A 1 

(c) A*(B + C)=A*B + A*C 

(d) A*I = A 
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11. For all values of X, the rank of the matrix 
1 

A = X 
1 +A 2 


4 

8 

8A + 4 


5 

8A-6 
2A + 21 


(a) for X = 2, p(A) = 1 (b) for X m-1, p(A) = 2 

(c) for X ^ 2, -1, p(A) = 3 (d) none of these 

12. If D x and D 2 are two 3x3 diagonal matrices, then 

(a) D X D 2 is a diagonal matrix 

2 2 

(b) D, +D ? is a diagonal matrix 

(c) DjD 2 = D 2 Dj 

(d) Df is a diagonal matrix VneN 

13. The value of 0 for which the system of linear equations 
in x, y, z given as (sin 30) x - y + z - 0, (cos 20) x + 4 y 
+ 3z = 0, 2x + 7y + 7z = 0, has a non trivial solution 



. . mn 
2 

(c) nn + (- 1)"^ 
6 


(b) mn 

(d) none of these 

Comprehension Type 


P Q R 

(a) 1 3 4 

(b) 1 4 2 

(c) 4 3 1 

(d) 2 3 4 

Integer Answer Type 



"l 2 0" 
2 1 0 


271 

. 271 

k 


If A = 

, evaluate three roots (?q, X 2 , X 3 ) of yj jf 

cos — - sin — 

3 3 


"1 0" 


0 0 1 

. 271 
sin — 

2k 
cos — 


0 1 

X from the equation |A - Xl\ = 0. Construct a non- 

L 3 

3 J 




then the least 


null invertible matrix X such that AX = AX where 
A = diagonal (A 1; A 2 , A 3 ). 

14. The three roots of A are 

(a) 1, 0, 2 (b) -1,1, 3 (c) 2, -2, 3 (d) 5, 1, -3 

15. Matrix A satisfies 

(a) A 2 -(Aj + A 2 )A + A 1 A 2 /=0 

(b) A 2 -(Aj + A 3 )A + A 1 A 3 J=0 

(c) A 2 - (A 2 + A 3 ) A + A 2 A 3 J=0 

(d) none of these 

Matrix Match Type 

16. Match the following : 


18. If D p = 


15 8 

35 9 

25 10 


, then the value of 


-]^D 0 -37 must be 

v 100 p 


19. If 


P =i 

Cl 1 + (X* 

b b 2 \ + b 3 =0 and A = (l, a, a 2 ), B=(l, b, b 2 ) 
c c 2 1 + c 3 


Column I 


P. 


If A(x)= 


x -5x+3 
3x 2 +x+4 


2x-5 

6x+l 


7x -6x+9 14x-6 


3 

9 

21 


= ax 3 + bx 2 + cx + d, then 


Column II 


1 . 


3 a + 4b 
+ 5c + d 
= 141 


and C = (1, c, c 2 ) are non-coplanar, then the value 
of (-abc) is_. 

20 . If the system of equations 3x - 2y + z - 0, Xx - 14 y + 
15z = 0, x + 2y + 3z = 0 have a non trivial solution, 
then the difference of digits of X is_. 

<»<$> 

Keys are published in this issue. Search now\ © 


SELF CHECK/ 


No. of questions attempted 
No. of questions correct 
Marks scored in percentage 


Check your score! If your score is 

> 90% ^ EXCELLENT WORK ! You are well prepared to take the challenge of final exam. 
90-75% ^ GOOD WORK ! You can score good in the final exam. 

74-60% ^ SATISFACTORY ! You need to score more next time. 


60% ^ NOT SATISFACTORY! Revise thoroughly and strengthen your concepts. 
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MUSING 


M aths Musing was started in January 2003 issue of Mathematics Today. The aim of Maths Musing is to augment the chances of bright 
students seeking admission into IITs with additional study material. 

During the last 10 years there have been several changes in JEE pattern. To suit these changes Maths Musing also adopted the new 
pattern by changing the style of problems. Some of the Maths Musing problems have been adapted in JEE benefitting thousand of our 
readers. It is heartening that we receive solutions of Maths Musing problems from all over India. 

Maths Musing has been receiving tremendous response from candidates preparing for JEE and teachers coaching them. We do hope 
that students will continue to use Maths Musing to boost up their ranks in JEE Main and Advanced. 


^ROBLE/ty 

Set 175 


JEE MAIN 


1 . The mirror image of the curve given by 


arg 


(a) arg 


(c) arg 


z-i) 
r z + 3^ 


z + i 

f z + i^ 


in the real axis is given by 


= 7 (b) arg 


z + 3 


n 

6 


(d) arg 


Z-3 
\Z + i j 


z-3 


n 

6 

n 

6 


In a triangle ABC with incentre J, if AI + AB = BC, 
then B + 3C = 

271 571 771 

(a) — (b) — (c) 71 (d) ~ 


3. Lety =f(x) be the solution of the equation 

^1/ o o 

— = xy + x y , y( 0 ) = 1 . The area bounded by the 
ax 

curve y =f(x) and the lines, y = 0 , x = ±1 is 
(a) | (b) n (c) y (d) 271 

4. The vertices of a triangle are A(- 8 , 5), B(- 15, -19), 
C(l, -7). The bisector of ZA is ax + 2y + c = 0 where 
c - a = 

(a) 67 (b) 68 (c) 71 (d) 73 


5. The product of real values of x such that 
( lo Sx 2 ) 2 - ( lo §2 X ) 2 = lo S2x (f) is 

(a) sTl (b) 

(c) 2 ^ (d) None of these 


JEE ADVANCED 


6 . If the sum of the digits of the number 

N = 2000 11 - 2011 is 5, then the sum of the digits of 
5 is 

(a) 10 (b) 13 (c) 15 (d) 16 


COMPREHENSION 


The curve y =f(x) passes through the point ( 0 , 1 ) and 
the curve y = g(x)= J f(t)dt passes through the point 
j^ 0 , - j . The tangents drawn to the curves at the point 
with equal abscissae intersect on the x-axis. Then 


7. 


x —>0 X 


(a) 1 (b) 2 (c) 3 (d) 4 

8 . The area bounded by the curve y = g(x) and the 
lines x = 0, x = l,y = xis 

(a) (b) (c) Azl (d) 

2 3 3 4 


INTEGER TYPE 


9. Two circles pass through the points ( 0 , - 1 ) and 
(0, 1) and touch the line y = mx + c. If the circles 
intersect orthogonally, then c 2 - m 2 is 


MATRIX MATCH 


10 . The equation (1 + 'k)x 2 - 2hey + (k- 2)y 2 -4x + 3 = 0 
represents 


List I 

List II 

(p) 

a pair of lines if X = 

1 . 

- 4 

(Q) 

a parabola if X = 

2 . 

- 2 

(R) 

an ellipse if X = 

3. 

2 

7 

(S) 

a hyperbola if X = 

4. 

1 

2 


P Q R S 

(a) 3 2 1 4 

(b) 1 2 4 3 

(c) 3 2 4 1 

(d) 2 3 1 4 


© 
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PAPER-1 


SECTION 1 (Maximum Marks : 28) 


• This section contains SEVEN questions. 

• Each question has FOUR options (a), (b), (c) and (d). 
ONE OR MORE THAN ONE of these four options is(are) 
correct. 

• For each question, darken the bubble(s) corresponding to 
the correct option in the ORS. 

• For each question, marks will be awarded in one of the 
following categories : 

Full Marks : +4 If only the bubble corresponding 

to all the correct option(s) is (are) 
darkened. 

Partial Marks : +1 For darkening a bubble corresponding 

to each correct option, provided NO 
incorrect option is darkened. 

Zero Marks : 0 If none of the bubbles is darkened. 

Negative Marks : -2 In all other cases. 

• For example, if [a], [c] and [d] are all the correct options 
for a question, darkening all these three will get +4 
marks; darkening only [a] and [d] will get +2 marks; 
and darkening [a] and [b] will get -2 marks, as a wrong 
option is also darkened. 

1. Let X and Y be two events such that 

P(X) = -,P(X/Y) = - and P(Y / X) = -. Then 
3 2 5 

(a) P(XnY) = - (b) P(X'/Y) = - 

5 2 

(c) P(Y) = — (d) P(XuY) = - 

15 5 


3. Let/: R —» (0, 1) be a continuous function. Then , 
which of the following function(s) has (have) the 
value zero at some point in the interval (0, 1)? 

n 

2 

(a) x 9 - f(x) (b) f(x) +1 f(t) sin t dt 

0 

71 

-X 

2 x 

(c) x- j* / (t) cos t dt (d) e x - J f(t)sint dt 
o o 


4. Let [x] be the greatest integer less than or equals 

to x. Then, at which of the following point(s) the 
function f(x) = xcos(7i(x + [x])) is discontinuous? 
(a) x = 2 (b) x = 1 

(c) x = -l (d) x = 0 

5. If a chord, which is not a tangent, of the parabola 
y 2 = 16x has the equation 2x + y = p and midpoint 
(h, k), then which of the following is (are) possible 
value(s) of p, h and fc? 

(a) p = -2,h = 2,k = -4 

(b) p = 2, h = 3, k = -4 

(c) p = -1, h = 1, k = -3 

(d) p = 5, h = 4, k = -3 

6 . Which of the following is (are) NOT the square of a 
3x3 matrix with real entries? 


2. Let a, b , x and y be real numbers such that a - b - 1 
and y^ 0. If the complex number z = x+iy satisfies 

Im| az + b |= y y then which of the following is 
z + l ) 


(a) 


1 0 0 
0 1 0 
0 0 1 


(b) 


-10 0 
0-10 
0 0-1 


(c) \-i 




1 T 


"l 

0 

o' 


”l 

0 o' 

f + y 2 

(b) -1 + V 

1-7 

(c) 

0 

-1 

0 

(d) 

0 

1 0 

f + y 2 

(d) -i-V 

1-7 2 


0 

0 

-1 


0 

0 -1 
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7. If 2x - y + 1 = 0 is a tangent to the hyperbola 

2 2 

—— — = l then which of the following CANNOT 
a 2 16 

be sides of a right angled triangle? 

(a) a, 4, 2 (b) a, 4, 1 (c) 2a, 8, 1 (d) 2a, 4, 1 


SECTION 2 (Maximum Marks = 15) 


• This section contains FIVE questions. 

• The answer to each question is a SINGLE DIGIT INTEGER 
ranging from 0 to 9, both inclusive. 

• For each question, darken the bubble corresponding to the 
correct option in the ORS. 

• For each question, marks will be awarded in one of the 
following categories : 

Full Marks : +3 If only the bubble corresponding to 

the correct answer is darkened. 
Zero Marks : 0 In all other cases. 


11. For a real number a, if the system 


1 

a 

a 2 

X 


" 1" 

a 

1 

a 

y 

= 

-1 

(N 

8 

_i 

a 

1 

z 


1 


of linear equations, has infinitely many solutions, then 

1 + a + a 2 = 

12. Words of length 10 are formed using the letters 
A, B, C, D, E, F, G, H, I, J. Let x be the number of 
such words where no letter is repeated; and let y be 
the number such words where exactly one letter 

is repeated twice and no other letter is repeated. 

Then, — = 

9x 


SECTION 3 (Maximum Marks s 18) 


This section contains SIX questions of matching type. 
This section contains TWO tables (each having 3 columns 
and 4 rows). 

Based on each table, there are THREE questions. 

Each question has FOUR options [a], [b], [c], and [d]. 
ONLY ONE of these four options is correct. 

For each questions, darken the bubble corresponding to 
the correct option in the ORS. 

For each question, marks will be awarded in one of the 
following categories : 

Full Marks : +3 If only the bubble corresponding to 

the correct answer is darkened. 
Zero Marks : 0 If none of the bubbles is darkened 

Negative Marks : -1 In all other cases 


8 . The sides of a right angled triangle are in arithmetic 

progression. If the triangle has area 24, then what is * 
the length of its smallest side? * 

9. For how many values ofp, the circle x 2 +y 2 + 2x + 4y-p = 0 # 

and the coordinate axes have exactly three common . 
points? 

10. Let/: R —> R be a differentiable function such that • 
/( 0 ), = 0,/{jj=3and/'(0) = l. 

71/2 

If g(x) = | [f\t)cosect - cot t cosect f(t)]dt 

x 

( 

for x e 0 , — , then lim g(x) = 
v 2 _ x —>0 


Answer Q. 13, Q. 14 and Q. 15 by appropriately matching the information given in the three columns of the 
following table. 


Columns 1 , 2 , 3 contain conics, equations of tangents to the conics and points of contact, respectively. 


Column 1 


Column 2 


Column 3 


(I) x 2 +y 2 = a 2 


(i) my = m x + a 


, a 2 a 

(p) —— 

m 2 m 


(II) x 2 + a 2 y 2 = a 2 


(ii) y = mx + m 2 +1 


(Q) 


A 

-ma a 


xlm 2 +1 Vm 2 


+ 1 


(III)y = 4 ax 


r 22 

(iii) y - mx + \l a m -1 


(R) 


2 , \ 

—am 1 


,Vfl 2 m 2 +1 "v/o 2 ; 


m +1 


/ 7"\ 2 2 2 2 

(IV) x -ay - a 


V 2 9 

a m +1 


(S) 


f 2 

-a m -1 


\la 2 m 2 -1 \la 2 m 2 -] 
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13. The tangents to a suitable conic (Column 1 ) at 
/ 1Y 

is found to be v 3x + 2y = 4, then which 

V 2 

of the following options is the only CORRECT 
combination? 


(a) (II) (iv) (R) (b) (IV) (hi) (S) 

(c) (II) (hi) (R) (d) (IV) (iv) (S) 


14. For a = V2, if a tangent is drawn to a suitable conic 
(Column 1 ) at the point of contact (-1, 1), then 
which of the following options is the only CORRECT 


combination for obtaining its equation? 

(a) (I) (i) (P) (b) (III) (i) (P) 

(c) (II) (ii) (Q) (d) (I) (ii) (Q) 

15. If a tangent to a suitable conic (Column I) is found 
to be y = x + 8 and its point of contact is ( 8 , 16), 
then which of the following options is the only 
CORRECT combination? 

(a) (III) (i) (P) (b) (I) (ii) (Q) 

(c) (II) (iv) (R) (d) (III) (ii) (Q) 


Answer Q. 16, Q. 17 and Q. 18 by appropriately matching the information given in the three columns of the following 
table. 


Let f(x) = x + log e x - xlog e x, x e (0, °o) 

• Column 1 contains information about zeros off(x),f'(x) andf"(x). 

• Column 2 contains information about the limiting behaviour off(x),f'(x) and f"(x) at infinity. 

• Column 3 contains information about increasing! decreasing nature of fix) andf'(x). 


Column 1 

Column 2 

Column 3 

(i) 

f(x) = 0 for some x e (1, e 2 ) 

(i) lim f(x) = 0 

(P) /is increasing in (0, 1) 

(id 

f'(x) = 0 for some x e (1, e) 

(ii) lim f(x) = -oo 

x —>°° 

(Q) /is decreasing in (e , e 2 ) 

(in) 

f\x) = 0 for some x E (0, 1) 

(iii) lim f'(x) = -° o 

x —>°° 

(R) f is increasing in (0, 1) 

(IV) 

f"(x) = 0 for some x E (1, e) 

(iv) lim f'\x) = 0 

X—>°o 

(S) /' is decreasing in (e , e 2 ) 


16. Which of the following options is the only 
CORRECT combination? 

(a) (II) (ii) (Q) (b) (III) (hi) (R) 

(c) (IV) (iv) (S) (d) (I) (i) (P) 

17. Which of the following options is the only 
CORRECT combination? 


(a) (III) (iv) (P) (b) (II) (hi) (S) 

(c) (I) (ii) (R) (d) (IV)(i) (S) 

18. Which of the following options is the only 
INCORRECT combination? 

(a) (I) (hi) (P) (b) (II) (hi) (P) 

(c) (III) (i) (R) (d) (II) (iv) (Q) 


PAPER-2 


SECTION 1 (Maximum Marks 


This section contains SEVEN questions. 

Each question has FOUR options (a), (b), (c) and (d). 
ONLY ONE of these four options is correct. 

For each question , darken the bubble corresponding to the 
correct option in the ORS. 

For each question , marks will be awarded in one of the 
following categories : 

Full Marks : +3 If only the bubble corresponding to 

the correct option is darkened. 
Zero Marks : 0 If none of the bubbles is darkened. 

Negative Marks : -1 In all other cases. 


Let 5 {1, 2, 3, 9}. For k - 1 , 2, 5, let N k be 

the number of subsets of S, each containing five 
elements out of which exactly k are odd. Then N } + 

n 2 + n 3 + n 4 + n 5 = 

(a) 125 (b) 252 

(c) 210 (d) 126 

Let O be the origin and let PQR be an arbitrary 
triangle. The point 5 is such that 

OP OQ + OR OS = OR OP + OQ OS 

= OQ OR + OP OS 
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Then the triangle PQR has 5 as its 

(a) orthocentre (b) centroid 

(c) circumcentre (d) incentre 

3. If / : R —> R is a twice differentiable function 
such that f"(x) > 0 for all x e R, and 

/ (iH' /a)=uhen 

(a)/'(l )<0 (b) 1 </'(l)<l 

2 

(c) 0 < f\l) < t (d) /' ( 1 ) > 1 

4. The equation of the plane passing through the point 
( 1 , 1 , 1 ) and perpendicular to the planes 2x + y - 2 c 
= 5 and 3x - 6 y - 2c = 7, is 

(a) 14* + 27 - 15c = 1 (b) 14* -2 y+ 15c = 27 

(c) 14* + 27 + 15c = 31 (d) -14* + 2y + 15c = 3 

5. How many 3x3 matrices M with entries from {0, 
1 , 2 } are there, for which the sum of the diagonal 
entries M T M is 5? 

(a) 162 (b) 135 (c) 126 (d) 198 

6 . If y - y(x) satisfies the differential equation 

8Vx(V9~+Vx )dy = (^4 + ^/9 + Vx ) _1 dx, x > 0 

and y( 0 ) = V7, then y(256) = 

(a) 9 (b) 3 (c) 80 (d) 16 

7. Three randomly chosen non-negative integers x, y 
and c are found to satisfy the equation x + y + z = 
10 . Then the probability that c is even, is 

(a) - (b) 1 (c) ^ (d) A 

11 2 55 11 


SECTION 2 (Maximum Marks : 28) 


• This section contains SEVEN questions. 

• Each question has FOUR options [a], [b], [c] and [d]. 
ONE OR MORE THAN ONE of these four options is (are) 
correct. 

• For each question, darken the bubble(s) corresponding to 
the correct option(s) in the ORS. 

• For each question, marks will be awarded in one of the 
following categories : 

Full Marks : +4 If only the bubble (s) corresponding 

to the all the correct option(s) is 
(are) darkened. 

Partial Marks : +1 For darkening a bubble corresponding 

to each correct option, provided NO 
incorrect option is darkened. 


Zero Marks : 0 If none of the bubbles is darkened. 

Negative Marks : -2 In all other cases. 

• For example, if [a], [c] and [d] are all the correct options 
for a question darkening all these three will get +4 marks; 
darkening only [a] and [d] will get +2 marks; and darkening 
[a] and [b] will get -2 marks, as a wrong option is also 
darkened. 

8 . If the line x = a divides the area of region 

R = {(x, y) e R 2 : x 3 < y< x, 0 < x< 1} into two 
equal parts, then 

(a) t<a<l (b) 0 < oc< t 

2 2 

(c) a 4 + 4a 2 -1=0 (d) 2a 4 - 4a 2 + 1 = 0 

sin2x 

9. If g(x) = J sin ~ X {f)dt, then 

sin* 

(a) £'(f)= 2 K (b) S'(j)=- 2 * 

(C) g '{~l) = ~ 2n (d) 

10. Let f(x) = 1 ~ — 11 ~ X1} cos f — 1 for x * 1. Then 

|l-v| \l-x) 

(a) lim f(x) does not exist 

x—>l _ 

(b) lim f(x) does not exist 

*->l + 

(c) lim f(x) = 0 (d) lim_/(x) = 0 

x^i + x->r 

11. If f: R —> R is a differentiable function such that 
f'(x) > 2f(x) for all x E R and/(0) = 1, then 

(a) f{x) < e 2x in ( 0 , °°) (b) fix) > e 2x in ( 0 , ~) 

(c) f(x) is increasing in ( 0 , °o) 

(d) f(x) is decreasing in ( 0 , ©o) 

12. Let a and (3 be non-zero real numbers such that 
2(cos(3 - cosa) + cosa cos(3 = 1 . Then which of the 
following is/are true? 


MPP-3 CLASS XI 


ANSWER KEY 


I. (b) 2. (b) 3. (b) 4. (b) 5. (a) 

6. (c) 7. (a, c) 8. (b, c) 9. (c, d) 10. (a,b,c,d) 

II. (a,b,d) 12. (d) 13. (a,c) 14. (b) 15. (c) 

16. (a) 17. (3) 18. (2) 19. (1) 20. (2) 
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. a 

(a) tan — 


(b) tan 


2 7 
2 , 


+ V3 tan I — 1=0 


-Vi 


tan 


(c) V3tan^yj+ 


tan| ^ |=0 


(d) V 3 tanf — )-tan( — 1=0 



cos 2 x 

cos 2 x 

sin 2 x 

13. If f(x) = 

-cosx 

cosx 

-sinx 


sinx 

sinx 

cosx 


then 


(a) /'(x) = 0 at exactly three points in (-71, n) 

(b) /(x) attains its minimum at x = 0 

(c) /(x) attains its maximum at x = 0 

(d) /'(x) = 0 at more than three points in (-71, n) 


98 k+l 

14. IfJ=£ J 

k =1 k 


k +1 


x(x + 1 ) 


dx, then 


(a) I < — 

50 

(c) I < log e 99 


(b) I > log e 99 


(d) I> 


49 

50 


SECTION 3 (Maximum Marks = 12) 


• This section contains TWO paragraphs. 

• Based on each paragraph , there are TWO questions. 

• Each question has FOUR options [a], [b], [c] and [d]. 
ONLY ONE of these four options is correct. 

• For each question , darken the bubble corresponding to the 
correct option in the ORS. 

• For each question , marks will be awarded in one of the 
following categories : 

Full marks : +3 If only the bubble corresponding 

to the correct option is darkened. 
Zero Marks : 0 In all other cases. 

Paragraph I 

Let O be the origin, and OX,OY and OZ be three unit 

vectors in the directions of the sides QP, RP and PQ, 
respectively, of a triangle PQR. 

15. \OXxOY\ = 

(a) sin(P + R) (b) sin2P 

(c) sin(P + Q) (d) sin(Q + R) 


16. If the triangle PQR varies, then the minimum value 
of cos(P + Q) + cos(Q + R) + cos(P + P) is 

(a) -J (b) f (c) ~ (d) 1 

2 3 3 2 

Paragraph II 

Let p, q be integers and let a, (3 be the roots of the 
equation, x 2 - x - 1 = 0, where a ^ (3. For n = 0,1,2,let 
a n = pa n + q(3 n . 

FACT : If a and b are rational numbers and a + b\fs = 0, 


then a = 0 = b. 


yj 

to 

II 


(ci) 2+ a^ o 

(b) a n 

(c) a u + 2 fl 10 

(d) a u 

18. If a 4 = 28, then p + 2q = 


(a) 21 

(b) 14 

(c) 7 

(d) 12 

ANSWER KEYS 


PAPER 1 


1 . 

(b,c) 

2 . (b,d) 

3. 

(a,c) 

4. 

(a,b,c)5. 

(b) 

6 . 

(b,d) 

7. (a,b,c) 8 . 

( 6 ) 

9. 

( 2 ) 

10 . 

( 2 ) 

11 . 

( 1 ) 

12. (5) 

13. 

(a) 

14. 

(d) 

15. 

(a) 

16. 

(a) 

17. (b) 

18. 

(c) 








PAPER 2 





1 . 

(d) 

2 . (a) 

3. 

(d) 

4. 

(c) 

5. 

(d) 

6 . 

(b) 

7- (d) 

8 . 

(a,d) 





9. 

(No choice is correct) 






10 . 

(b,d) 

11 . (b,c) 

12 . 

(a,b) 

13. 

(c,d) 14. 

(c,d) 


15. (c) 16. (a) 17. (d) 18. (d) 

For detailed solutions please refer 
MTG JEE Advanced Explorer 
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Yl +1 

1. Let = . for n = 1, 2, 3,... 

and let be the product a 1 a 2 ... a n . Prove that 

b n _ V « * 2 +1 

^2 V« 2 +2n + 2 

.... 1 b n 1 

and deduce that-- < —^-< — 

(« + l ) 3 v 2 n + 1 „ 3 

for all positive integers n. 

2 . Find the largest constant k such that 

kafrc , T . o , 

-< (a + br + (a + b + 4c) 

a + fr + c 

for all a, fr, c, > 0 . 

3. In AABC, let D and E be the intersections of the 
bisectors of A ABC and ZACB with the sides AC, 
AB, respectively. Determine the angles ZA, ZB, 
ZC, if 

ZBDE = 24°, ACED = 18°. 

4. In a group of nine mathematicians each speaks at 
most three languages and any two of them speak at 
least one common language. Show that at least five 
of them share a common language. 

5. Find the exact value of 



SOLUTIONS 


1 . Observe that, n 4 + 4 = n 4 + 4n 2 + 4 - 4n 2 
= ( n 2 + 2 ) 2 - 4n 2 
= (n 2 + 2 n + 2 ) (n 2 - In + 2 ) 
Also (k - l ) 2 + 2 (k -1) + 2 = k 2 +1 
and (k + l ) 2 - 2 (k + 1 ) + 2 = k 2 + 1 
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These observations imply that in the product 
a x a 2 ... a k l a k a k+1 ... a n , the numerator of a k , 

1 + k 2 , is cancelled by \J(k- 1) 2 + 2(k-l) + 2 in the 

denominator of and ^(k + 1) 2 + 2(k + l) + 2 in 
the denominator of a k+v 

Therefore, b n = + ” , 

v 2 + 2n + n 2 

since all the numerator terms cancel except the 
numerator of the first and last terms. 

To obtain the inequalities, we consider 

b n _ Vl + n 2 

E V« 2 +2n + 2 


and 


Vn 2 +1 


^2 « + l V « 2 + 2 n + 2 ” + 1 


(n +1) Vn 2 +1 — n-s/n 2 


+ 2 n + 2 


(«+i)i/ 




n + 2 n + 2 


Let r represent the expression in (i). Then r can be 
written as : 


r = 


2 n+l 


(n+ 1 ) -Jn 2 + 2 n +2 ((n+ l)^Jn 2 +1 +n-^n 2 + 2 n+ 2 ) 


_ 2 n + l 

n(n + l)(n 2 + 2 n + 2 ) + (n + 1 ) 2 Vn 2 + 2 n + 2 Vn 2 +1 
Now, 

2 (n + 1 ) 2 (n + 1 ) 1 

r< -*--7 = “7- 

(n + l)[n 3 +(n + l)n 2 ] (n + l) 2 n 3 n 3 

To obtain the other inequality: 





































...( 1 ) 


2 . 


This is equivalent to 

(2 n + 1 ) [n + l ) 3 > [n + 1 ) [n (n 2 + 2n + 2 ) + [n + 1 ) 

\ln 2 +1 Vn 2 + 2 h + 2 ] 

or ( 2 n + 1 ) (n + l ) 2 > n (n 2 + 2 n + 2 ) + (n + 1 ) 

\ln 2 +1 yjn 2 + 2 n + 2 . 

This is equivalent to 

n 3 + 3n 2 + 2n +1 > (n +1) ^ Jn 2 +l^n 2 +2n + 2 

or —-h n 2 + n +1 >' \]ri 2 +l^ln 2 + 2 n + 2 . 

n + 1 

If n = 1, 7/2 > VTo is true. 

If n > 2 , n 2 /(n + 1 ) > 1 , then 

2 n 2 2 

n + n + H->n + n + 2. 

n + 1 

If we can show that n 2 +n + 2 >Vn 2 ~+1 ^n 2 +2n + 2 

for n > 2 , we will be done, (n 2 + n + 2 ) > ^ n 2 +i 

\ln 2 + 2 n + 2 iff (n 2 + n + 2) 2 > (n 2 + 1 ) (n 2 + 2 n + 2 ) 
iff 2 (h 2 + n + 1 ) > 0 , h > 2 . 

This is clearly true, hence the inequalities are true. 

By the A.M.-G.M. inequality, 

(a + b) 2 + (a + b + 4c ) 2 = (a + b) 2 + (a + 2c + b + 2c ) 2 

> (2 4ab) 2 + ( 2 V 2 ac + 2 V 2 &C ) 2 
— 4$^ + 8 ( 2 C + 8bc + 1 6cjab. 

Therefore, 


{a + b) 2 +(a + b + 4cf 

- {a + b + c) 

abc 

4:ab + 8ac + 8bc + \6cyfab , 

>-(a + b + c) 

abc 


4 8 8 16 

-+-+-+-p= 

c b a Jab 


(a + b + c) 


. 1 11 1 1 If a a £? fo 

: 81-1-1-1- ]= H —]= —I-1-1-he 

,2c b a Jab Jab )\2 2 2 2 


/ 


>8 


55 , 




2 a 2 b 2 c 


I 2/2 

abc 


\ 


= 100 , 


again by the A.M.-G.M. Inequality. Hence the 
largest constant k is 100. For k = 100, equality holds 
if and only if a = b = 2c > 0 . 

Let I be the incenter of triangle ABC. Let D' be the 
projection onto AC of /, and let ZA = a, ZB = (3 

and ZC = y> as usual. Now ZADB = — (3 + y. So, 



Applying the law of sines to triangle IDE we have 


sin I P + -Y 
sin| ^P + Y 


sin 18° 
sin 24° 




As ZBDE = 24° and ZCED = 18°, 

we have ZDIE = 138° = 90°+ 2 a => a = 96°. 

2 i i 

Thus, (3 + y = 84° soy = 84° - (3 and —y = 42°- —(3. 

...(3) 

Now using (3) in (2) we get 


sin | 42° + —(3 


sin 18° 
sin 24° ’ 


sin |^84°--(3 

Expanding and doing some calculations gives 

1 sin 18° sin 84° - sin 24° sin 42° 

tan - (3 =-, 

2 sin 24° cos 42° + sin 18° cos 84° 

and this equals tan 6 ° 

{To see this we have 
sin 18° sin 84° - sin 24° sin 42° sin 6 ° 


sin 24° cos 42° + sin 18° cos 84° cos 6 ° 

just in case 

sin 18° sin 2 84° - sin 24° sin 42° cos 6 ° 

= sin 6 ° sin 24° cos 42° + sin 18° sin 2 6 °, 
sin 18° [cos 2 6 ° - sin 2 6 °] 

= sin 24° [sin 6 ° cos 42° + cos 6 ° sin 42°], 
sin 18° cos 12° = sin 24° sin 48°, 
sin 18° = 2 sin 12° sin 48°, 
sin 18° = cos 36° - cos 60°, 

sin 18° = - 2 sin 2 18° + 

2 

giving the equivalent condition 

? 1 
2 sm 18° + sin 18° — = 0 . 

2 
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This is the same as sin 18° = 
true.} 


— (-1 + V5), which is 
4 


So, 


_ p = 6 °, p = 12° and a = 96°, p = 12°, y = 72°. 


4. If any one of them speaks less than three languages 
then by the pigeon hole principle one of the 
languages he (or she) speaks should be spoken by 
four others and we are done. Suppose now that 
each speaks three languages. Three cases arise: 

(i) Two mathematicians have all the three 
languages in common. Here again we are through 
since one of the three languages should be 
spoken by at least three of the remaining seven 
mathematicians. 

(ii) Some two mathematicians have two languages 
in common, say, M x and M 2 have L x and L 2 in 
common. Let L 3 and L 4 be the third languages 
of M 1 and M 2 respectively. If there is one more 
mathematician having L x and L 2 as two of his 
languages then we are done as follows: Suppose 
M 3 speaks (L p L 2 , L 5 ). Of the remaining six 
mathematicians if there are more than two who 
speak L x or L 2 then we are through; if not, there are 
four mathematicians who do not speak L x or L y But 
then these four are forced to speak L y L 4 , L 5 to be 
able to converse with M p M 2 , M 3 and so there will 
be five mathematicians who speak L y L 4 and L y So 
suppose only two have L x and L 2 common. Consider 
the pair (L 3 , L 4 ). If some three mathematicians 
speak both these languages we are done as before; 
if not, there are five who do not speak L 3 and L 4 
simultaneously. But then these five should speak 
either L x or L 2 to be able to converse with both M 1 
and M 2 which in turn implies that either L l or L 2 is 
spoken by at least five mathematicians. 

(iii) Any two of the nine mathematicians have 
exactly one language in common. Let M x speak 
(L p L 2 , L 3 ). The remaining eight have to speak either 
L l orL 2 or L 3 and so one of these three languages has 
to be spoken by at least three more mathematicians, 
say L x is spoken by M 2 , M y M 4 also. We will show 
that is spoken by all the nine mathematicians. 
Suppose not; say M 5 has L 2 in common with M p 
Now M 5 has to speak to each of M v M y M 4 in a 


different language other than L 2 (since any two 
mathematicians have only one common language) 
which is not possible as no mathematician speaks 
more than three languages and we are done. 

_ T 2n 471 6n I6n 

5. Leti=cos — cos — cos — ...cos-; 

17 17 17 17 

then, 

2n 1 471 471 671 1671 

ism — = - sin — cos — cos —... cos- 

17 2 17 17 17 17 

1 871 871 671 1071 1271 

= — sin — cos — cos — cos-cos- 

4 17 17 17 17 17 

1471 1671 

cos-cos- 

17 17 

1 1671 1671 671 1071 1271 1471 

= -sin-cos-cos —cos-cos-cos- 

8 17 17 17 17 17 17 


1 271 671 1071 1271 1471 

=-sin — cos — cos-cos-cos- 

16 17 17 17 17 17 

Thus, 

6n 1 671 671 107t 1271 1471 

I sin—=-sin — cos — cos-cos-cos- 

17 16 17 17 17 17 17 

1 . 1271 1271 107T 1471 

=-sin-cos-cos-cos- 

32 17 17 17 17 

1 107T 107T 1471 

= — sin-cos-cos- 

64 17 17 17 


1 1471 1471 

=-sin-cos- 


128 17 17 


1 . 2871 1 . 671 

=-sin-=-sin—. 

256 17 256 17 


Therefore, I =- 

256 


•<$><$> 
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[p(x)] 

1. Evaluate the limit lim -, where P(x) is a 

.X—>°o P([x]) 

polynomial with positive coefficients, ([•] denotes 
greatest integer function) 

(a) 0 (b) -1 

(c) 1 (d) does not exist 

2. The number of non-differentiable points in (0, 2n) 
of the function /(x) = lim 2 \/cos 2m x + sin 2m x, 

m—>°o 

xe R is/are 

(a) 0 (b) 1 (c) 2 (d) 4 

3. If/ is twice continuously differentiable on R such 
that/(0) = l,/'(0) = 0 and/"(0) = -1, then for 

a E R, lim /, r 

x^oo y \\JX 

(a) e a (b) e a 12 (c) a 2 (d) ^ 

4. For a positive integer n , a local extremum value of 

f x 2 x n ) _ 

the function /(x) = 1 + xH-K...4- \e x is 

V 2! n\ ) 


(a) 0 (b) 1 (c) e- 1 (d) 


5. Compute lim 

m— 

(a) 0 (b) 1 


,, . 2 m 5 2 m 5 
2 sin-1-cos 


m +1 
(c) e 


m +1 
(d) e 2 


1/m 


1 


i 2«+«sin« 


6. Evaluate lim (n + l + n cos n ) : 

ft— 

(a) 0 (b) 1 (c) e (d) e 2 


7. Evaluate the limit lim 

ft—>oo 


1+ 4 

V n J 


*■4, 


\ „ 
V n 


(a) 1 (b) e (c) e 2 (d) 4e 

8. If / (x) is an increasing function from R —> R 
such that f"(x) > 0, f (x) ^ 0 and/ -1 exists then 

d\r\x)). 


dx l 


is 


(a) =0 
(c) > 0 


(b) <0 

(d) depends on f (x) 


x — 2 lx +1 

9. Consider the function /(*) =-, then for 

x 2 +l 

real x and y the maximum value of |/(x) - f(y ) | is 
(a) 20 (b) 21 (c) 40 (d) 42 

l , l l ” k(n-k)\ + (k + 1) 

10. Evaluate the limit lim Y - 

k =o (h +1)1 (n-k)\ 

(a) 0 (b) 1 (c) e (d) e - 1 

11. For real numbers x, y, z we have 

5 

[x] — y — 2[y\ — z = 3 [z\ — x = — ,([.] denotes greatest 

integer function), then x + y + z has the value 

41 44 41 44 

(a) H (b) 11 (c) -H (d) 

7 7 7 7 

12. Let / (x) be a real valued function defined on 

positive reals such that 

(i) / (x)< f(y) if x < y and 

(ii) fo^U^.Then 

(a) / (x) is positive for all x 

(b) / (x) is negative for all x 

(c) / (x) is negative for exactly one value of x 

(d) / (x) is negative for some value of x. 

13. The number of real solutions to the system of 
equations 

Vx 2 - 2x + 6 • log 3 (6 — y) = x, 

- 2^ + 6 • log 3 (6 — z) = y, and 

Vz 2 - 2z + 6 • log 3 (6 — x) = z is/are 
(a) 0 (b) 1 (c) 2 (d) 4 


By : Tapas Kr. Yogi, Visakhapatnam Mob : 9533632105. 
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14. A function/: £ —» R such that for all xe R, 

A b\ 2 2& Y M „ 

A a) b a J \ a) 

where a , b be fixed positive real numbers then 

minimum value of/(l) is 

(a) 1 (b) 1/2 (c) 2 (d) 3/2 

15. Ifp, q are relatively prime positive integers then 


M.f 

the fractional part, 
(a) q 

(0 I ' 1 


x n + a x x [ 


n - 1 


+ a n with integral coefficient is equal to 5 for four 
distint integers a, b, c, d. The number of integral k 
such that/(k) = 7 is/are 
(a) 0 (b) 1 (c) 2 (d) 4 


SOLUTIONS 


1. (c): Since P(x) is a polynomial with positive 

coefficients for x > 1. 

P(x)-1 [P(x)l P(x) 


We have, 


P(x) P[(x)] P(x-l) 

So, by Sandwich Rule, H m = i 

x ^°° P( M) 

2. (c): Notice that/(x) = max. {|sinx|, |cosx|}. 

Clearly,/is continuous on R and non-differentiable at 
x = 71/4 and x = 371/4 in (0, n). 


3. (b) : Let L = lim 


fl T 

vx 


Taking log on both sides, we get 

logi= lim xlog f(°)= lim 

Wl 7 f->0 + t 




where x = - 
t 


<? J ’ l ' J 

= lim 


0 

(b) q - 1 


(d) (p-l)(9-l) 

1 

= lim 

t-^0 


af'{ayft) 


(usingLHospitals rule) 


2 f'\aA) 


2 

16. Let m = l44 sin2 * + i 44 <:os 2 x then the number of 
possible integral values of m are 

(a) 24 (b) 120 (c) 122 (d) 145 

17. The number of values of n for which all solutions of 
the equation x 3 - 3x + n = 0 are integers is/are 

(a) 0 (b) 1 (c) 2 (d) 3 

( l 

18. For ne N y let t be defined by 1 + — =e, then 

lim t n = ^ H 

n^o o 

(a) 0 (b) 1/2 (c) 1 (d) -1 

19. There exist a function/: N —> Z such that 

(i) /(5) = 21 and 

(ii) / (xy) = f (x) + f {y) + kf (gcd(x, y)) for all 

x, y E N, then number of possible integral 
values of k are 

(a) 0 (b) 1 (c) 2 (d) 3 

20. Given that the polynomial/(x) 


-a 

2 


-a 2 /2 


2 f(ayft) + 2a A f\aA) 

Hence, L = e~ 

-x n 

4. (b) : /'(x) =- e x , f\x) = 0 =^> x = 0 


n\ 


If n is even,/'(x) < 0 for x ^ 0. So no extrema. 

If n is odd, f\x) > 0 for x < 0 and /'(x) < 0 for 
x > 0. 

So,/(0) = 1 is a (global) max. value of/ 

il/m 


5. (b) : Since, 1 < 


o m 5 , m 5 

2 sin-hcos 


m + 1 


m + l_ 

.5 


1/m 


it follows that lim 

m^oo _ 


6. (b) : We have, 


? m i wi 

2 sin-l-cos 


m + 1 m + l_ 

(By sandwich rule) 


1 < (1 + n + n cos n ) 2n+nsin ” < (1 + 2n) 2n+n sin ” 

l 

and 1 < (1 + 2ri) 2n+nsinn < (1 + 2ri) 1/n 

So, by Sandwich rule, we have 

l 

lim (l + n + ncosn) 2n+nsmn = 1 


7. (d) : Let L = lim I 1H— If 1 + 


, 2 2 
ft— >°° V n n 


1 + - 


Taking log on both sides, we have 

logL= lim log^l + /j+log^l + /j+.... 


+ log 1 + - 


n 
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n ( b. \ 

= lim £log 1 + ^ 

«->°° k=i V n J 


So, x = 3(1)-etc. 

21 


Now, using expansion of log(l + x) series, we have Hence x + y + z = 


44 


x —— <log(l + x) < x, x>0 


^°’ 2 9 4 < ^°s( 1+ 2 J < 2 

n 2n \ n J n 

Now, summing these k - 1, 2, ..., n inequalities and 
putting n —» °o, we have 


log! = - z.e. L = e 
2 


1/2 . 


-41 


8. (b) :/is an increasing function. So,/'(x) > 0 and 

/"(x) > 0 is given. 

Letg(x) = / _1 (x) then/(g(x)) = x 

So, g'(x) = , 1 - => /W>0 

/ (g(*)) 

Again differentiating, 

_1 X f"(g(x))xg'(x) 


= 1 

fc=C 

n 

= 1 


"o^ + l)! + fc ? 0 k '-(n-k)\ 
1 1 


+ J_ y 

iS>L fc! ( fc+1 )U k 


= 1 -- 


1 


2 n 

- + — 


(n +1)! n! 

So, required limit = l- 0 + 0= las/7^°o 
11. (b) : From given equation, we have 


x = 3[z\ - 

21 


[x] = 3[z]-l 


Similarly from the other relations, we have 
[y] = [x] - 1, [z] = 2 [y] - 1 
Solving these three equations, we get 
[x] = 2, [y] = 1, [z] = 1 


12. (d) : Given/is an increasing function. So either 

lim f(x) = -oo or lim /(x) = afor some real 
x—>0 + x—>0 + 

number a. 

Let us assume that lim /(x) = a 
x^0 + 

Now, in the given relation we fix x and y —> 0 + 
then since lim 2^— = o, we have 

/ (x) + u . 


a = 


i.e.f(x) - a - constant function 


Contradiction. 


Hence, we should have lim /(x) = — 


%-XT 


sT(x) = - 7 

(fW)) 2 

Hence, g"(x) < 0 

N 2 l(x 2 — 1) 

9. (b) : /'(*) = - - - 

(x+1) 

So,/(x) increases for x E (-oo, -1] u [1, oo) and decreases 
for (-1, 1). So,/ max =/(-l) and/ min =/(l) 

So, for any x, y 

\f (x) - f (y)\ < 1/(-1) -/(1)| < 21 

10. (b) : Given summation 

k ”, 1 


=^> / (x) < 0 for some positive x. 

13. (b) : (x, y, z) E (-oo, 6). We rewrite the equations 
given as 


y = 6 - 3 'lx 2 ~ 2 x +6 . Similarly for the others. 

Consider a function 

t 


f(t) = 6 — 3 Vf 2 — 2 r +6 ( t e (_ 00) 6) 

Now,/'(f) < 0 in f E (-oo, 6). So,/is strictly decreasing 
=> f(f(f(t))) is also decreasing. 

The given relation gives / (x) = y, f ( y ) = z,f(z) = x 
/ (/ (/ (*))) = *. Hence, / (x) = x 
Now, y = / (x) is a decreasing function and y = x is an 
increasing function. 

So,/(x) = x has only one solution x = 3. 
x = y = z = 3 

b 

14. (c): Putting y = x — in the L.H.S. of the inequality, 
a 

we have /(y) < — y 2 + — and while putting y = x + — in 
b a a 

the R.H.S of the inequality given, we have 

f(y)>% 2 + - 
b a 

Hence, f(x) = -x 2 + -. 

b a 

{ a\ r 
bi b 
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Let r p r 2 ,...., _ 1 be the remainders of the numerators 

in the given question. Since p , q are relatively prime, 
these remainders represent a permutation of the 
numbers 1,2,3,..., (q- 1). Hence, the given expression 
becomes 


i') 

—+ —+ . 
q q 


r a -1 1 2 ij-l <j-l 

q q q q 2 


16. (c): Consider the function//) = 144* + 144 1 * 
Where t = sin 2 x, t e [0, 1] 

f\t ) = log 144 .[144* - 144 1 “ *] 

/'(£) = 0 for t = 1/2 

So,/is decreasing on [ 0, - 


So > /min = /lj |= 24 and/; : 


and increasing on 
= /<0) =/(!) = 145 


?') 


So every integer between 24 and 145 is possible. 

17. (c): If the given equation has integer root a then 
n = -a 3 + 3a => n is an integer too. 

Let /(x) = x 3 - 3x,/'(x) = 3(x - l)(x + 1) 

So,/is increasing on (-«>, -1] u [1, °°) and decreasing 
on (-1, 1) and/(-l) = 2,/(l) = -2. 

So /(x) = -n has three real roots iff \n\ <2 
=^> Possible n = {-2, -1, 0, 1, 2} 

Moreover, one of the integer solutions has to be 
{1, 0, -1}. 

So, n e {f (1),/(0),/(-1)} = {-2, 0, 2} 

Direct checking gives, valid values of n are 2, -2 

( i Y*+*n 

18. (b) : Given, U + _ J =^> 

Taking log on both sides, we have 


t n = - 


-n, let 1 + — = y; ©o, y —> 1 


log 1 + - 


So, lim = lim 

«-> oo y^i|_logy y-1 


1 


1 


y —1 —logy ^ 0 


= lim 

y->i (y-l)logy V0 


form 


= — (using L Hospitals rule twice) 


19. (c): Putting x = y, we have/(x 2 ) = (k + 2)f(x) 

So,/(x 4 ) = (Jk + 2) / (x 2 ) = (Jfc + 2)(k + 2) f(x) 

= (k + 2) 2 /(x) ... (1) 

Putting y = x 3 , we have 

f(x 4 ) = f(x) + /(x 3 ) + kf(x) = {k +1 )/(x) + /(x 3 ) 

= (fc +1) fix) + f{x) + f{x 2 ) + kfix) 

= (2fc + 2)/(x) + / (x 2 ) 

= ilk + 2)fix) + ik + 2)fix) = (3 k + 4)fix) (2) 

Divide (1) and (2), we have, 

(fc + 2) 2 fix) = (3fc + 4)/(x) => jfc = 0,-1 


20. (a) : Let/(x) = (x - a)(x - fc)(x - c)(x - d) ^(x) + 5 
where g(x) is a polynomial with integral coefficient of 
(n - 4) th degree. If f(k) = 7 then 

(Jt - a)(k - b)(k - c)(k - d) g(k) = 2 ... (i) 

Now, 2 has only 4 distinct integral factors (2, 1, -1, -2). 
Since (k - a), (k - b ), (k - c), (k - d) are distinct the 
above product (i) can't be 2. 

Hence, no such k exists. 

.<»<$> 
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PAPER-1 


MULTIPLE CORRECT CHOICE TYPE 


This section contains 10 multiple choice questions. Each 
question has four choices (a), (b), (c) and (d) out of 
which ONE or MORE may be correct. [Correct ans. 3 
marks and wrong ans., no negative mark] 

\x-3\,x>l 

1. The function f(x) =< x 2 3^ ^ is 

-+ — ,x<l 

[4 2 4 

(a) continuous at x = 1 

(b) derivable at x = 1 

(c) not derivable at x = 1 

(d) not derivable at x = 3 

The solutions of the quadratic equation 
(3 | x | - 3) 2 = | x | + 7, which belongs to the domain 


2 . 


of definition of the function y = - 4)x is/are 

(a) 1 (b) 2 

(c) -2 


«-5 


3. Which of the following functions (is) are injective 
maps ? 

(a) f(x) = \x + 1|, v E [-!,«>) 


(b) g(x)-- 


-■X + — ,X' 
X 


;(o,°o) 


(c) h(x) = x 2 + 4x- 5, xe (0, °°) 

(d) k(x) = e~ x , x E [0, °°) 

x + 2 

Let y = g(x) = -, then 

x-1 

(a) g(l) = 3 (b)x = g(y) 

(c) y increases with xforx> 1 

(d) g is a rational function of v 


6 . 


9. 


Marks : 60 

For all* E (0, 1) 

(a) e x < 1 + x (b) log e (1 + x) < x 

(c) sin* > v (d) log e x > x 

A function / : R —» R satisfies the equation 
f(x + y) = f(x) f(y) for all x, y E R and f(x) ^ 0 for 
any x in R. Let function be differentiable at x = 0 
and/'(0) = 2. Then 

(a) f(x) is continuous at x = 0 

(b) f(x) is not differentiable at infinitely many points 

(c) f(x) = e 2x (d) None of these 

The function/(x) = 1 + |sinx| is 

(a) continuous everywhere 

(b) not differentiable at an infinite number of points 

(c) differentiable nowhere 

(d) not differentiable at x = 0 

Let [x] denote the greatest integer less than or 
equal to v. If f(x) = [xsin nx], then f(x) is 

(a) continuous at x = 0 

(b) continuous in (-1, 0) 

(c) differentiable at x = 1 

(d) differentiable in (-1, 1) 

Iff (x) = 1+2 sinx + 2 cos 2 *, 0<x<n/2, then f(x) is 

(a) greatest atx = n/6 

(b) least at x = 7i/6 


(c) increasing in ^0, ^ J and decreasing in ~ 

(d) least at x = 0 and x = n/2 


By: Vidyalankar Institute, Pearl Centre, Senapati Bapat Marg, Dadar (W), Mumbai - 28. Tel.: (022) 24306367 
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10 . 


-rr rt \ *3 « . 9 7C 7C .. 

If j(x) = sm x + Asin x,- —<x< —then 

(a) /(x) has a point of inflection if X = 0 

(b) /(x) has exactly one point of maximum and 
exactly one point of minimum if \X\ <3/2 

(c) /(x) has exactly one point of maximum and exactly 

f 3 ^ 3 

one point of minimum if k ( 


r -,° |u 


s 


(d) all of the above 


INTEGER TYPE 


This section contains 10 questions. Each question, when 
worked out will result in one integer from 0 to 9 (both 
inclusive). [Correct ans. 3 marks and wrong ans., no 
negative mark] 


11 . 


sinx 


lim 

x —>0 

function is 


13. 


lim 


cos 2 (l - cos 2 (l - cos 2 (.- cos 2 (x))))...) k 


Sini7T 


'yjx + A- 


K 


where k - 


Time : 1 hr. 


14. The left hand limit of /(x) = < 


3 r i3 

x 

3 


k where 


[x] denotes the greatest integer less than or equal to 
x, is 

. . r _i ( acosx-frsinx Y 7t 

15. The derivative ot tan - is at x = — 


is k - 5, if k = 


frcosx + asinx 


n 


, where [.] denotes the greatest integer 


12. Consider the function/(x) = x-|x-x 2 |,-l< x < 2. 
Find the number of points of non-differentiability 
of/(x) for xe [-1,2]. 


16. If/(x) = |cos x - sin x|, then f' J is equal to 

17. If/(x + y) =/(x) */(y) for all x and y and /(5) = 2, 
/'(0) = 3, then/'(5) is equal to 

18. A food company produces x quality A and y 
quality B items per day, where y(5 - x) = 10 (4 - x), 
0 < x < 4. If the profit on each quality A item is 
twice the profit on quality B item, then the most 
profitable number of quality A items per day to 
manufacture is. 

[2 —|x 2 + 5x+6|,x^—2 

19. If /(x )=< then the minimum 

j a^ + 1, x — 2 

value of \a\ so that/(x) has maxima at x = -2 is 

20. From a fixed point A on the circumference of a 
circle of radius r, the perpendicular AY is let fall on 
the tangent at P. The maximum area of the triangle 

APY is ^E r 2 , for k = 
k 


PAPER-2 


Marks : 60 


SINGLE CORRECT CHOICE TYPE 


This section contains 10 multiple choice questions. Each 
question has four choices (a), (b), (c) and (d) for its 
answer, out of which ONLY ONE is correct. [Correct 
ans. 3 marks & wrong ans.-l] 


1. 


lim 

x —>1 


x n+1 -(n + l)x + n 


(x-i r 

(a) n(n + 1) 


(b) 


n(n +1) 


2. lim 


(c) n + 1 

tan 3 Vx In (1 + 3x) 
*"^°tan -1 Vx e 5 \[x-l 

(b) 1 


(d) - 
2 


(a) — 


(c) - 


(d)0 


Value of lim lEHf b 


J =1 


(a) sinx (b) sinx/x (c) x/sinx (d) 1 
lim i cos ec 2 * +2 cosec 2 * + . + „cosec 2 xsin 2 * ^ 

(a) n 


(b) n 2 


(c) 0 


(d) 1 


^ - J. 


If y — sinx, then —-(cos x) is equal to 
dy 1 

(a) 35 cos 3 x - 42 cos 5 x (b) 35 cos 3 x + 42 cos 5 x 
(c) 42 cos 3 x - 35 cos 5 x (d) -35 cos 3 x - 42 cos 5 x 

If 5/(x) + 3/^— j=x + 2and y = x /(x), then 

dy . . 

— is equal to 

dx x= 1 
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(a) 14 (b) -1 


(c) 1 (d) 7/8 


7. If f( x ) = —and g(x) = —where 0 < x < 1, 

sin x tan x 

then in this interval 

(a) both /(x) and g(x) are increasing functions 

(b) both f(x) and g(x) are decreasing functions 

(c) /(x) is an increasing function 

(d) None of these 

8. A square piece of tin of side 18 cm. is to be made 
into a box without top, by cutting a square from 
each corner and folding up the flaps to form the 
box. The maximum possible volume of the box is 
given by (in cm 2 ) 

(a) 420 (b) 338 

(c) 432 (d) None of these 

9. The function f(x) = ---has 

1 + x tan x 

(a) one point of minimum in the interval 
(0,71/2) 

(b) one point of maximum in the interval 
(0,71/2) 

(c) no point of maximum, no point of minimum in 
the interval (0,71/2) 

(d) two points of maxima in the interval (0, n/2) 


f(2h + 2 + /z 2 ) — /(2) . i £ a 

10. hm ----, given that / (2) = 6 and 

h-> o f(h-h 2 + l)-f(l) 

m =4 

(a) does not exist (b) is equal to -3/2 

(c) is equal to 3/2 (d) is equal to 3 


PARAGRAPH TYPE 


This section contains 2 paragraph. Based upon each of 
the paragraphs 3 multiple choice questions have to he 
answered. Each of these questions has four choices (a), 
(b), (c) and (d) out of which ONLY ONE is correct. 
[Correct ans. 3 marks and wrong ans.-l] 


Paragraph 1 

In calculus the derivative of any function y = /(x) is 
defined as 


D/(x) = lim 
0 


f(x + h)-f(x) 
h 


Now instead of this usual definition of derivative 
Df (x), define a new kind of derivative D*/(x), which 
can be calculated by the formula 

D*f(x) = lim / (x + h) — f (*) . w k ere / 2 ( x )-(/(x)) 2 
h^0 h 


11. If /(x) = ——; then D*/(x) is 
lnx 


(a) 


lnx-1 

(lnx) 2 


, N 2x(lnx-l) 

(c) - 

(lnx) 2 


(b) 

(d) 


2x(lnx-l) 

(lnx) 

2x(lnx-l) 

(lnx) 3 


12. If function g(x) = x*, then D*g(x) \ x=l is 
(a) 1 (b) 2e e 

(c) 2 (d) not defined 


Paragraph 2 

Given a function c g’ which has a derivative g'(x) 
for every real V and which satisfy g/0) = 2 and 
g(x + y) - ^g(x) + e x g(y )for all x and y. 


13. The function g(x) is 

(a) x(2 + xe x ) (b) x(e x + 1) 

(c) 2x • e x (d) x + ln(x + 1) 


14. The range of the function g(x) is 
(a) R (b) 


2 

->°° 

e 



(d) [0, oo) 


Paragraph 3 

Consider a function defined in [-2, 2] is 


{x}, -2 < x < -1 


/w 


|sgn(x)|, -1 <x< 1 
{-x}, 1 < x < 2 


where {x} denotes the fractional part function. 

15. The function f(x) is continuous at x = 

(a) -2 (b) -3/2 

(c) -1 (d) All of these 


16. The total number of points of discontinuity of/(x) 
in x E [2, 2] are 
(a) 1 (b) 3 

(c) 4 (d) infinite 


MATCHING LIST TYPE 


This section contains 4 questions , each having two 
matching lists. Choices for the correct combination of 
elements from List-I and List-II are given as options (a), 
(b), (c) and (d), out of which one is correct. [Correct 
ans. 3 marks and wrong ans.-l] 
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17. Math the following: 


Column I 

Column II 

P. 

Period of the function 
fx) = sin(cosx) | + cos (sinx) 

1. 

n/2 

Q. 

Period of the function 
fix) = [sin(4x)] + |cos 4x| 
([.] denotes the greatest 
integer function) 

2. 

can't be 
determined 

R. 

If the function/: R —> R be 
such that f(x) = nx -[nx], 
where [.] denotes the 
greatest function, then the 
period of the function/ _1 (x) 
is 

3. 

2 n 

S. 

Period of the function 
fix) = min{sinx, \x\} is 

4. 

71 


P Q R S 

(a) 1 2 3 4 

(b) 4 1 2 3 

(c) 1 2 4 3 

(d) 1 4 2 3 


18. If L = lim 


9 ^ 

asinx-hv + cx + x 


2x 2 log(l + x) - 2 x 3 + x 4 


and is finite, 


then match the following 


Column I 

Column II 

P. 

a + b 

1 . 

0 

Q. 

c 

2. 

6 

R. 

20 L 

3. 

12 

S. 

a 

4. 

1.5 


P Q R S 

(a) 1 2 3 4 

(b) 2 4 1 3 

(c) 3 1 4 2 

(d) 1 4 2 3 


19. Math the following. 


Column I 

Column 

II 

P. 

The ratio of altitude to the 
radius of the cylinder of 
maximum value that can be 
inscribed in a given sphere is 

1. 

1 /V 2 


Q. 

The ratio of radius to the 
altitude of the cone of the 
greatest volume which can be 
inscribed in a given sphere is 

2. 

4~2 

R. 

The cone circumscribing of 
sphere of radius V has the 
minimum volume if its semi 
vertical angle is 0 is such that 
33 sin 0 = 

3. 

32/3 

S. 

The greatest value of x 3 y 4 if 
2x + 3y - 7 and x > 0, y > 0 is 

4. 

11 


P Q R S 

(a) 1 2 4 3 

(b) 1 4 2 3 

(c) 1 2 3 4 

(d) 2 1 4 3 

20. Match the following: 


Column I 

Column II 

P. 

Range of V[ s i n 2*]-[cos2x] is 

1 . 

{1,2, 3} 

Q. 

Domain of /* 2 + 4 * c 

V 2x 2 +3 

2. 

{1} 

R. 

Range of A/log(cos(sinx)) is 

3. 

{0, 1} 

S. 

Range of [|sinx| + |cosx|] is 

4. 

{0, 1} 

P 

Q R S 



(a) 3 

1 4 2 



(b) 2 

1 4 3 



(c)l 

2 4 3 



(d)4 

1 2 3 



ANSWER KEY 


PAPER-1 


1 . 

(a, b, d) 


2. 

(c, d) 3. 

(a, c, 

d) 

4. 

(b, d) 5. 

(b) 

6. 

(a, c) 7. 

(a, b, 

d) 

8. 

(a, b, d) 


9. 

(a, c, 

d) 


10. (a, c) 

11. 

(0) 

12. 

(2) 

13. 

(4) 

14. 

(9) 

15. (4) 

16. 

(1) 

17. 

(6) 

18. 

(3) 

19. 

(1) 

20. (8) 





PAPER-2 



1 . 

(b) 

2. 

(c) 

3. 

(b) 

4. 

(a) 

5. (a) 

6. 

(d) 

7. 

(c) 

8. 

(c) 

9. 

(b) 

10. (d) 

11. 

(d) 

12. 

(c) 

13. 

(c) 

14. 

(b) 

15. (d) 

16. 

(b) 

17. 

(b) 

18. 

(c) 

19. 

(d) 

20. (a) 


For detailed solution to the Sample Paper, 
visit our website www.vidyalankar.org 
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MATH 

archives 



Math Archives, as the title itself suggests, is a collection of various challenging problems related to the topics of 
JEE Main & Advanced Syllabus. This section is basically aimed at providing an extra insight and knowledge to the 
candidates preparing for JEE Main 8c Advanced. In every issue of MT, challenging problems are offered with detailed 
solution. The readers & comments and suggestions regarding the problems and solutions offered are always welcome. 


1. LetX ={x : x = n 3 + 2n + 1, n e R] and 

Y={x:x= 3n 2 + 7,ne R} thenXn Y is a subset of 

(a) {x : x = 3n + 5, n E N} 

(b) {x : x = n 2 + n + 1, n e N} 

(c) {x : x = 7n - 1, n e N} 

(d) {x : x = 3 n 2 + 5, n e N} 


2. If z ^ 0 is a complex number such that 
Arg (z) = 71/4, then 

(a) Re(z 2 ) = 0 (b) Im (z 2 ) = 0 

(c) Re(z 2 ) = lm(z 2 ) (d) Re(z) = 0 

3. In a triangle PQP, Z.R - 71/2. If tan (P/2) and 
tan (Q/2) are the roots of the equation ax 2 + bx + c = 0 
where a ^ 0, then 

(a) a + b = c (b ) b + c = a 

(c) a + c = b (d) b = c 


4. 


Let f{x) = 


secx 
cos 2 x 


1 


2 2 
cosx sec x + cotxcosec x 

2 2 

cos x cosec x 

2 2 

cos x cosec x 


rn/2 , . 

then value of I f \x)ax is 


(a) 0 
(c) 


71 71 

2 15^2 


(b) 71/48 

(d) l-Jj-f-ilogZ 


5. The determinant of a skew symmetric matrix of 
order 3 is 

(a) 1 (b) 0 (c) -1 (d) 2 

6. Let a and (3 be the roots of x 2 - 6x - 2 = 0, with 
a > (3. If a n = a" - |3” for n > 1, then the value of 


2 flg 


(a) 1 


(b) 2 


(c) 3 


(d) 4 


7. If 3 rd , 6 th and last term of HP is —and 

respectively. Find number of terms. ^ ** ^03 

(a) 50 (b) 70 (c) 85 (d) 100 

8. Consider the A.P. a v a 2 , ...., a n , .... and the G.P. 

9 

b v b 2 ,...,b n ,...suchthata l = b 1 = l;a 9 = b 9 and ^a r =369 
then r=l 

(a) b 6 = 27 (b) b 7 = 27 

(c) b 8 = 81 (d) b 9 = 18 

9. The coefficient of a 8 b 4 c 9 (P in {ab(c + d) + cd (a + b)} 10 
is 

( 10 )! 


(a) 


(b) 10! 


8!4!9!9! 

(c) 2520 (d) 5! 

io. if (io) 9 + 2 (h) 1 (io) 8 + 3(n) 2 (io) 7 +... + io(ii) 9 

= k(10) 9 , then k is equal to 
(a) 100 (b) 110 


, 121 

(c) - 

10 


441 
(d) — 
100 


SOLUTIONS 


1. (c) : x G X n Y => n 3 + 2n + 1 = 3 n 2 + 7 
=^> n 3 - 3 n 2 + 2n-6 = 0^>(n- 3){n 2 + 2) = 0 
=^> n = 3 as n G R^>x = 3x3 2 + 7 = 34 

In (a) and (b), x ^ 34 for any n e N and in (c), 
x = 34 for n = 5. 

Hence X n Y is a subset of (c). 

2. (a) : As arg ( z ) = 7t/4, we can write 

z-r \ cos —+ zsin— , where r = I z\ 

V 4 4 y 11 


By : Prof. Shyam Bhushan, Director, Narayana NT Academy, Jamshedpur. Mob. : 09334870021 
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V 2 2 / 

(Using De Moivre’s Theorem) 

= r 2 (0 + i) = ir 2 => Re(z 2 ) = 0 
3. (a) : We have 

tan f y 1 + tan f y 1 = — and tan f y jtan f y 1 = - 


-- —vv. ~ 10 — 8 


2a Q 


7. (d) : As 3 rd , 6 th and last term of H.P. are 


Now, P + Q = — 
2 


tan(P / 2) + tan(Q / 2) 


a 

(P Q \ (n 
► tan —l— = tan — 

V 2 2 U 


-b/ a 


—, - and —— respectively. 
3 5 203 

5rd z;th 


203 


1: 


-fc 


1 - tan(P / 2) tan(Q / 2) 

=^> a-c = -b^>c = a + b 
4. (d) : Applying P 2 —> P 2 - P 3 , we get 

sec* 


1 -c/a a-c 


/(*) = 


2 2 
cos* sec x + cotxcosec x 


-sin x 
1 


0 

cos 2 X 


0 


cosec x 


So, 3 rd , 6 th & last term of A.P. are 3,5 &-resp. 

3 

Let a and d be first term and common difference of A.P. 
T 3 = a + 2d = 3 ...(1) T 6 = a + 5d = 5 ...(2) 

T n =a + {n-l)d = ^~ ...(3) 

2 5 

On, solving (1) and (2), d = - and a = - 

3 3 

Putting value of a and d in (3), we get 
h = 100 Number of terms is 100. 

8. (b): a 1 = b 1 =l;a 9 = l + 8d = b 9 =l-R S 

9 

Now ^ a r = - (l + a 9 ) = - (l + P 8 j = 369 => P = V3 

r=l ^ ^ 


= sin 2 x|^cosxcosec 2 x-cos 2 x(sec 2 x + cotvcosec 2 x)J “^7 ^ ^ 1(^/3) 27 


3 

. o cos * 

= cos x — sin x- 

sin* 

= cos x - - (1 - cos 2x) - (— -sin* |cosx 

2 vsinx 


9. (c) : (,abc + abd + acd + bcd ) 


10 


10? 10 10 jIO [ 1 , 1 , 1 , 1 

— a bed | —H-1—K — 

abed 


10 


.*. coefficient of a 8 b 4 e 9 d 9 


rn/2 rn/Z I r 

Thus t (x)dx = cos xdx — 
Jtc/4 ^ hi 4 oh 


71/2 

I 

71/4 


1 f7C/2 


2 j tt/4 


dx 


= coefficient of a 2 b 6 c l d 1 in 


/•71/2 j-7l/2 f 1 . 

cos2vav--sin x cos xdx 

hi 4 h!4 ^sinx ) 


1 f7C/2 
+- 

2 


1111 

abed 


10 


10! 10x9x8x7 


2 ! 6! 1! 1! 


: 2520 


t J_ n 1, 0 
V2 8 2 g 


5. (b): 


=M=-M=>W=o 


6. (c) : The roots of x 2 - 6x - 2 = 0 are a and P 

So a + (3 = 6 and a(3 = -2 

Then a n - 2a n _ 2 = a n - (3" - 2(a n " 2 - (3 n “ 2 ) 

= (a" - 2a n ~ 2 ) - ((3" - 2P” - 2 ) 

= a n _2 (a 2 - 2) - (3" - 2 ((3 2 - 2) ...(1) 

Since a and (3 are roots of x 2 - 6x - 2 = 0 

So, a 2 - 6a - 2 = 0 or a 2 - 2 = 6a 

and (3 2 - 6(3 - 2 = 0 or (3 2 - 2 = 6(3 

Putting a 2 - 2 = 6a and (3 2 - 2 = 6P in (1), we get 


10. (a) : Let S = (10) 9 + 2(11) 1 (10) 8 + 3(11) 2 (10) 7 + 
... + 9(11 ) 8 ( 10) + 10(11) 9 ...(1) 

A.G.P. with r = — 

10 

11S 

=> -= (ll) 1 (10) 8 + 2(11) 2 (10) 7 + .... + 9(11) 9 

10 

+ (ll) 10 •■•(2) 

Subtracting (2) from (1), we get 

- A = ( 10 ) 9 + (1lftl0) 8 + (11) 2 (10) 7 +.... + (11) 9 - (11) 10 
10 


(10) s 


it] 10 -! 

10 


’ ^n—2 ^ 


i(oc«- 1 -p«- 1 )= 


: -6a-p M_2 -6p 


6a 


11 

10 


-(id 


10 


S n = — T’ r >l 


Hence, a - 2 a 


n - 2 ' 


n -1 
6a 


This gives S = (10) 11 and hence k = 100. 


77-1 


<S><8> 
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Main 2<m 


MOCK TEST PAPER 


Series-1 

Time: 1 hr 15 min. 


The entire syllabus of Mathematics of JEE MAIN is being divided in to eight units, on each unit there will be a Mock 
Test Paper (MTP) which will be published in the subsequent issues. The syllabus for module break-up is given bellow: 

Unit 

No. 

Topic 

Syllabus In Details 

UNIT N0.1 

Sets, Relations 
& Functions 

Sets and their representation; Union, intersection and compliment of sets and their algebraic 
properties; Power set. Ordered pairs, Cartesian product of sets. Definition of relation. Domain 
and range of a relation. Types of relations, equivalence relations. Function as a special kind 
of relation from one set to another. Domain, co-domain and range of a function. One-one, 
into and onto functions. Composition of functions. Real valued function of a real variable, 
domain and range of these functions, constant, identity, polynomial, rational, modulus, 
Signum and greatest integer functions with their graphs, sum, difference, product and 
quotients of functions. 

Trigonometry 

Measurement of Trigonometric Angles. Definition of Trigonometric functions, Associated 
angles 

Co-ordinate 

Geometry-2D 

Cartesian coordinates, distance between two points, section formulae, shift of origin. Locus 
problems. 


1. Which is the simplified representation of (A' n 
B' n C) u (B n C) u (C n A) Where A, 5, C are 
subsets of universal set 5? 

(a) A (b) B 

(c) C (d) Sn(AuBuC) 

2. For any three sets A 1? A 2 , A 3 , let 2^ = A 1? 

B 2 — A 2 — A^ and B 3 = A 3 — (A^ cj A 2 ) then 

(a) A 1 uA 2 uA 3 d5 1 u5 2 u B 3 

(b) A x u A 2 u A 3 = B 1 u B 2 u 

(c) A 1 uA 2 uA 3 c5 1 uB 2 u B 3 

(d) none of these 

3. If A = {a,fr},S = {c,d},C = {d,e}, then 
{(a,c),(a,d),(a,e),(^,c:),(^d),(^e)} = 

(s) An(BuC) (b) Au(BnC) 

(c) Ax(BuC) (d) Ax(BnC) 

4. The relation £ defined in A = { 1 , 2 , 3} by aRb , if 

| a 2 - fr 2 | < 5 . Which of the following is false? 

(a) R = {(1, 1), (2, 2), (3, 3), (2, 1 ), ( 1 , 2), (2, 3), 
(3, 2 )} 


(b) R- 1 = R 

(c) Domain of R = {1, 2, 3} 

(d) Range of R = {5} 

5. Let n be a fixed positive integer. Define a relation 
R in the set Z of integers by aRb if and only if a - b 
divides n. The relation R is 

(a) reflexive (b) symmetric 

(c) transitive 

(d) an equivalence relation. 

6 . Let R be a relation defined on the set of integers and 
it is given by (x, y) E R <=$ \x - y\ < 1. Then R is 

(a) reflexive and transitive 

(b) reflexive and symmetric 

(c) an equivalent relation 

(d) symmetric and transitive 

7t 71 

7. The range of the function /(x) = sin [x ],-< x < — 

4 4 

where [x] denotes the greatest integer is : 

(a) {0} (b) {0, -1} 

(c) {0, ± sinl} (d) {0, -sinl} 


By : Sankar Ghosh, HOD(Math),Takshyashila. Mob : 09831244397. 
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8. Let f (x) = ^ s ' mx - Then D(/)contains: 

1 + x/sinx 

(a) (0, n) (b) (0, 2Jt) 

(c) (27t, 4n) (d) (47t, 67t) 

9. Domain of the function/(x) = sin _1 (2x 2 + 3x + l)is : 
(a) (-1,1) 


(c) 


-To 

2 


(b) ( 
(d) 


DO ? Ooj 

■°o> — “ |u(2,oo) 


/(x) = x + 


(where [•] denotes the greatest 


integer function), then / 1 (x) is equal to 


(a) x 
(c) x - 2 


(b) -x-2 
1 

(d) - 


x + 


a x -1 


11. If the real valued function fix) = - is even, 

then n is equals to x (a + 1) 


(a) 2 


(b) 2 

3 


(c) ! 
4 


(d) 3 


If /(x) = 


(a) 


(b) hl + ^l + 4log 2 x) 


(c) t(i_^i + 4 iog 2 x) 

(d) none of these. 

14. Let fix) = (x + l) 2 - l(x > -1) then the set 
{x :f~ l (x) =f(x)} contains: 

^ [ -3 + /V3 —3 — /V31 

(.) —•—i—} 

(b) {0,111 (c) 10,-1) 

(d) {x : x(x - 1) = 0} 

15. If Ri and R 2 are symmetric relations (not disjoint) 
on a set A , then the relation R x n R 2 is 

(a) reflexive (b) symmetric 

(c) transitive (d) none of these. 


x+1, x<0 

16. If/(x) = , g(x) = 

x 2 +l, x>0 


(jc — 1)3 , X<1 
1 

(x — 1)2 j X > 1 


10. Let /: (4,6) —> (6,8) be a function defined by 


then (gof)(x) = 

(a) x,\/xeR (b) x-l,Vxe£ 

(c) x +1, Vx e R (d) none of these 

17. Let, then/(x) = -l + |x-l|, -l<x<3 and 

g (x) = 2 - |x +1|, - 2 < x < 2, then (fog)(x) = 

lx + 1, -2<x<0 [x-1, -2<x<0 

(a) _ . (b) 


(c) 


x-1, 0<x<2 
-x-1, -2<x<0 


x + 1, 0<x<2 
(d)none of these 


12. Letg(x) = 1 + x - [x], [x] is the greatest integer not 
greater than x. 

-1, x<0 

0, x = 0 , then for all x, f(g(x)) equals 
1, x>0 

(a) x (b) 1 (c) f(x) (d) gix) 

13. If the function/: [1, °°) —» [1, °°) is defined by 

fix) = then/ _1 (x) is 

' ^ \x(x-l) 

,2 


c - 1, 0 < x < 2 

18. / : £ x £ —> R such that fix + iy) = ^ x 2 + y 2 then / 
is 

(a) many-one into (b) one-one and onto 
(c) many-one and onto (d) one-one and into. 

19. Let U be a universal set and A u B u C = U. Then 
HA-B)uiB-C)uiiC-A)Y = 

(a) AuBuC (b) An5nC 

(c) Au(BnC) (d) An(BuC) 

20. The period of the function fix) =| cos 4x | +1 sin 4x | 
is 

(a) n 


(b) ^ 


(0 ” 


(d) ” 
8 


21. If 0 = —, Where n is positive integer, then the 

An 

value of tan 0 tan 20 tan 30 tan (in - 1) 0 = 

(a) 1 (b) tan0 (c) cot 0 (d) 0 

22. If a and b are positive the minimum value of 


- + - 


2 • 2 

cos x sin x 


- is 


(a) a + b 

(b) a 2 + b 2 

(c) ia + b) 2 

(d) (a - b) 2 

If 1 + sinx + sin 2 x + .. 

.00 = 4 + 2 V3,0 < x < K 

equal to 


(a) ” 

(b) * 

6 

4 

/ \ 7T 7T 

(c) - or - 

/1 \ k 2n 
(d) —or — 

3 6 

3 3 

r 2 k 

471 , 

It x = ycos — = z cos 
3 

— , then xy + yz + zx- 

(a) -1 (b) 0 

(C) 1 (d) 2 
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25. In the interval 


5n 3n 
4 ’ 2 


, the value of 


= [cn(AuB)']u[Cr 


1 1 _ 2 - 

= Cn|(AuB)'u(AuB) 

V cos 2 a cota 

2. (b) : BjUB 2 = A 3 u(A 


(a) 1 -tana (b) tana -1 

(c) cota -1 (d) 1 -cota 

26. If the orthocentre and centroid of a triangle are 
(-3, 5) and (3, 3) then the circumcentre is 

(a) ( 6 , 2 ) (b) ( 0 , 8 ) 

(c) ( 6 , - 2) (d) (0, 4). 

27. Shift the origin to a suitable point so that the 
equation y 2 + 4y + Sx - 2 will not contain term in y 
and the constant term, is 


= (AiU 
5 1 u B 
= (AiUA 2 )u 


i 2 u £>3 - (Bj 


=CnU=C 

li) = Aj u|a 2 n Aj j 
1 1 Aj u A/ j = ( Aj u A 2 ) n U = A 1 u A 2 
(B 1 uB 2 )uB 3 =(A 1 uA 2 )u[a 3 -(A 1 uA 2 )] 
A 3 n(Ai 


V / 

I I A 1 


(a) 



(c) 




28. If in a AABC (whose circumcentre is origin), 
a < sinA, then for any point {x, y) inside the 
circum circle of triangle ABC: 


(a) 


\xy\ < — 

I /I 8 


(c) t < |xy| < i 


(b) \xy\> - 

i y\ g 

(d) none of these 


29. The coordinates of B and C of a triangle ABC are 
(- 6 , 0 ) and ( 6 , 0 ). If ZB AC = 90°, the locus of the 
centroid of the triangle is 


(a) x 2 +y 2 = 1 (b) x 2 +y 2 = 4 

(c) x 2 +y 2 = 9 (d) x 2 + y 2 = 36 


30. Area of the triangle with vertices (a, b ), (*i, jq) and 
(* 2 , 72 ) where a, X!,x 2 are in G.P. with common ratio 
r and fr, yq ,y 2 are in G.P. with common ratio s , is 
ah 

(a) — (r - l)(s - l)(s - r) 

2 

(b) ^-a^(r + l)(s + l)(s - r) 

(c) ^ ab(r + l)(s + l)(r - s) 

(d) ^ ab(r + l)(s + l)(r - s) 


SOLUTIONS 


1. (c): (A'n5'nC)u(5nC)u(CnA) 
= (Au5)'ncju[(5uA)nC] 


3. (c) : Since the elements of the given set are ordered 

pairs it has been derived from a cartesian product. 
Again since the number of elements of set A is 2 and 
the number of elements of the given set is 6 the 
number of elements of the set with which the cartesian 
product of set A produces the given set is 6 2 = 3. 

the set will be 5uC = {c,d}u{d,e} = {c,d,e} 
the given set will be equal to A x (B u C) . 

4. (d) : Given, A = {1, 2, 3} and R = {( a , b) : | a 2 -b 2 \ < 5} 

Now, |1 2 - 1 2 | = 0 < 5 .*. (1, 1) G R i.e. IRl 

|2 2 - 2 2 | = 0 < 5 .*. (2, 2) G R i.e., 2R2 

|3 2 - 3 2 j = 0 < 5 .*. (3, 3) G R i.e., 3R3 

l 2 - 2 2 | = 3 < 5 .*. (1, 2) G R i.e., 1R2 

|1 2 - 3 2 | = 8 > 5 (1, 3 )£ R i.e., 1 R 3 

\2 2 - 3 2 \ = 5 .*. (2, 3) G R i.e., 2R3 

Similarly (2, 1) e R i.e., 2R1, (3, 2) e R i.e., 3R2 

Thus R = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 3) (2, 1), (3, 2)} 

Now R~ l = { (y, x) : (x, y) e R] 

= {(1, 1), (2, 2), (3, 3), (2, 1), (3, 2), (1, 2), (2, 3)} = R 
Domain of R = {x : (x, y) e R} = {1, 2, 3} and range 
of P = {y : (x, y) e R} = {1, 2, 3} 

5. (d): The given relation may be written in set-builder 
form as 

R = {(a, b):a-b divides n and a,beZ } 

As a - a = 0 and 0 divides n (a, a)£P 
R is reflexive. 

Let a, b e Z such that (a, b) £ R 

Then (a, b) eR^> a - b divides n. 

a - b ~ nk for some integer k => b - a = n{- k) 

(a, b) £ P => (fc, a) eR 
P is symmetric. 

Now, (a,fr), (?7,c) eR 
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Now, a - b - nci and b - c = nc 2 for some integers c 1 
and c 2 . 

(a - b) + (b - c) = n(ci + c 2 ) 

=» a - c = nk where k = q + c 2 , an integer. 

=> (a, c) eR. 

( a,b ), (b,c) g£ => ( a,c ) g£ 

£ is transitive and hence £ is an equivalence relation. 

6. (b): The given relation may be written in set-builder 
form as R = {(x,y): \x-y\< 1 and x,y e Zj 

As x-x = 0^>|x-x| = 0<l (true) 

(x, x) G R therefore R is reflexive. 

Let x, y g Z such that (x, y ) g R , then 

(x,y)G#^>|x-y|<l =^>|y-x|< 1 => (y, x)eR 
Therefore, £ is symmetric. 

Let x,y,zeZ such that (x,y),(y,z)e R , then 
|x-y| < 1 and \y-z\ < 1 

=# |x-z| < 1 

Thus (x,y),(y,z)eR=fr(x,z)eR 

Therefore, £ is not transitive. 

7. (d) : The given function is/(x) = sin[x] 

Clearly - ^<x<0^>[x] = -l 


-^ < (x + f]< ^ j\*0<x 2 <a 2 -a < x <aj 


.1 a 

4 J 4 


-— < x < 0 
2 


10. (c): Here, we have 4<x<6=>2< — <3 
- -| 2 

X :x + 2,xg(4,6) 


= 2 


So, /(x) = x + 

Let y g(6,8) such that /(x) = y. Now/(x) = y gives 
y = x + 2=>x = y-2 

/" 1 M = 7 - ■ 2 => r l (x) = X -2 


11. (d) : Given /(x) = - 


a — 1 


/(x) = /(—x) 


x'V+l) 

a x -\ 


is even. 


xV + 1) 

a“*-l 1-a* -(a*-l) 


(~x) n (a~ x +1) (-xf (1 + a*) (-lfx'V +1) 


=>1 = - 


-1 

(-D" 


and 0<x< — ^>[xl = 0 
4 L J 

8. (a) : The given function is f (x) = 


J 


sinx 


1 + yfsi 


sinx 


/(x) is defined when sinx > 0 and 1 + yj sinx T0 
Clearly x G (0, 7i), thus the required domain is (0, n) 
9. (c) : The given function / (x) = sin -1 ^2x 2 + 3x +1 

/(x) will be defined when -1 < 2x 2 + 3x +1 < 1 


1 2 3 11 

-<x+-x + -<- 

2 2 2 2 


1 ^, ,2 ,3 ( 3 f 1 

2 V ' 4 (4 J 2 


2 

-<| x + 

2 4 

1 1 

-1-: 

2 16 


*<l 

2 16 2 


J_<I 

16 2 


Clearly the above relation is true for n = 3 

12. (b) : The given functions are 

-1, x<0 

g(x) = 1 + x —[x] and/(x) = < 0, x = 0 

1, x>0 

We see that g(x) = 1 + x - [x] = 1 + (x - [x]) 

= l + {x}>l(v 0 < {x} < 1) 
f(g(x)) = 1 for all x 

13. (b) : Here /(x) = 2 x(<x ~^ = y (say) 

=> log 2 y = x(x -1) log 2 2 => x(x — 1) — log 2 y — 0 


2 i 1± Jl + 4log ? y 

► x 2 - x- log 2 y = 0 => x = ———-- 


x = 


i+yi+4iog 2 


7 


(v x>0) 


f-- 

|<i+— 

r\x)= 1 -(i+4) 

l 4 

J 2 16 

2 x 


\2 


-< XT- 

16 l 4 


16 


o<u+21 <T 

4 J 16 


14. (c): Given that/(x) = (x + l) 2 - 1 
Lety = /(x) => (x + l) 2 - 1 = y 
=^> x = yly + l -1 (x > - 1). 
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=>/ \y) = y[y + l-l =>/ l (x) = yjx + 1-1 
Now/(x) = / _1 (x) gives 

=> (x+1) 2 - Vx+i=o => Vx+7 j(x + 1)2 —1 |=0 

3 

=^> x + l = 0 or (x + 1)2 = 1 => x = -1 or x = 0 

Thus {x :/ _1 (x) = /(x)} = {-1, 0} 

15. (b) : Let a, b E A such that (a, b) E Ri n R 2 then 
(a, b) e R x n R 2 ^> (a, b) e R x and (a, b) e R 2 
=> aR^ and aR 2 b 

=> bR\a and bR 2 a [v R x and R 2 are symmetric] 

=^> (b, a) e R x and (b, a) e R 2 ^> (b, a) eR x n R 2 
Hence R x n R 2 is symmetric 


16. (a) : Here, /(x) = 


\x* +1, x < 0 
Ix 2 +1, x>0 


and 


(x — 1)3 , x<\ 


1 


(x — 1)2 j X > 1 

When* < 0, then (gof)(x) = g(f(x)) = g(x 3 +1) 
l l 

= j|x 3 + lj-lj 3 [v x<0 x 3 +l<l] = |x 3 j 3 =x 

When x > 0, then ( gof)(x ) = g(f(x)) 
l 

= £(x 2 +l) = j(x 2 +l)-lj2 [Y X>0 X 3 +1>1] 

1 

= |x 2 j 2 = |x| = x [v x > 0] 

Therefore ( gof) (x) = x for all x E R 

f(x + 3), l<x+3<2 


17. (d): (fog)(x) = < 


/(-x + l),-l<-x + 2<2 


f(x + 3), 1 < x + 3 < 2 
/ (—X + l),—1<—x + l<l = < 
f x + l), 1 ^ + 1 < 2 


x + 1, — 2 < x < —1 
-x-1, -1 < x < 0 
x-1, 0 < x < 2 


18. (a) : Since/(x + iy) = /(x - iy) / is many one. 
Also Range eR + and Co-domain eR 

/. range c co domain => / is into 
Hence / is many one into. 

19. (b): (A-B)u(B-C)u(C-A) 


= (AuBuC)-(AnBnC) 

= (AnBnC)' [vAuBuC = I7] 
[(A-B)u(B-C)u(C-A)] c 

= [(AnBnC)] =AnBnC. 

20. (d):Her e/(x) = |cos4x| + |sin4x| 


n 


1 = 


cos 41 x + — I + 


sin 41 x + — 
8 


=| sin 4x | +1 cos 4x |= /(x). 

v / ^x + — /(x) > therefore the period of the given 


function is — . 

8 

21. (a): tan0tan20tan30.tan(2n-l)0 

0 = -^- 2nd = and tan(2n-l)0 = tan(2n0 -0) 

= tanj^-oj = cot0 

= tan0tan ((2 n - 1)0) tan20tan((2n - 2)0)....tann0cotn0 
= (tan0cot0) (tan20cot20)....(tann0cotn0) =1 -M....T = 1 

2 u 2 

22. (c) : We have,_ f. . 


2 • 2 

cos x sin x 

= a 2 sec 2 x + b 2 cosec 2 x 
= a 2 ( 1 + tan 2 x) + b 2 ( 1 + cot 2 x) 

= a 2 + b 2 + (atanx) 2 + (frcotx) 2 
= a 2 + fr 2 + (atanx - frcotx) 2 + 2afrtanx cotx 
> a 2 + b 2 + (atanx - frcotx) 2 

2 u 2 

H-— > (a + b) 2 


2 • 2 

cos x sin x 


23. (d): i + sinx + sin 2 X + ...00 = 4 + 2 V 3 , 0 < X < 7t 


1 


1-sinx 

4-2V3 2-V3 


■ 4 + 2 V3 => 1 — si 


sinx = 


4+2^ 


► sinx = T 


2 — V3 V3 


7T 271 

> x = — or — 
3 3 
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271 471 1 

24. (b): x=yc os — = zc os — = — (say) 

3 3 k 

1,1, 271 k , 1 , 471 -k 

.*. — = k, — = k cos — = —, and — = /ccos — = — 
x y 3 2 z 3 2 

1 i i , k k „ 

.*. —l-b - -k -= 0 => %y + yz + zx = 0 

x y z 2 2 


1 


cos 2 a cota 


25. (b) 

= Vl + tan 2 a-2tana; 

= |l - tan a| = tan a -1 
v tan a > 1 when a e 


2 [ 2 


sec a-2 tan a 


:^(l-tana) 2 


571 371 
4 ’ 2 


3: 


2xx + lx(-3) 


2 + 1 


^ 2xy+1x5 

=> x = 6 and 3 =---=+> y = 2 

2 + 1 

So, the required circumcentre is (6, 2) . 

27. (b): Let us shift the origin to a point(k, k) such 
that x = x' + k and y - y' + k 
The given equation of the curve is 

y 2 + Ay + 8x - 2 = 0 .(1) 

Now by translation (1) becomes 

(/ + k) 2 + 4(/ + k) + 8(x' + h) - 2 = 0 

/ 2 + 2(k + 2)/ + + fc 2 + 4fc + Sh - 2= 0 

Now in order to vanish the y-term and constant term, 
we make 

k + 2 = 0 and k 2 + 4k + Sh - 2 = 0 
3 

=> k = -2 and h = — 


Therefore, the origin must be shifted to | — ,-2 


28. (a) : Given a<sinA - 


sinA 


<1 


► 2£ < 1 => R < - 
2 


a 


sin A sin B sinC 


--2R 


Thus for any point (x, y) inside the circumcircle , we 

have x 2 + y 2 < — 

4 

Again we have 
2 2 

X +;/ >yjx 2 y 2 >\xy\ [■: A.M. > G.M.] .-.|xy|<- 
2 8 

29. (b) : Let (k, k) be the co-ordinates of the centroid. 
Let the co-ordinates of A be (a, (3). 
a + 6-6 


h-- 


and k = 


3 

(3 + 0 + 0 


a = 3h 


>$ = 3 k 


(3/2, 3k) 
A 


26. (a) : From geometry , we know that the centroid 
divides the line segment joining orthocentre and 
circumcentre in the ratio 2:1. 


Thus A(a,(3) = A(3k,3k). Now AB 2 + AC 2 = BC 2 gives 

(3 h + 6) 2 + (3k) 2 + (3 h - 6) 2 
+ (3k) 2 = (6 + 6) 2 

=> 9k 2 + 36 + 9k 2 + 9k 2 + 36 5 Ac 

+ 9k 2 = 144 ( “ 6,0) ' (6,0) 

18 k 2 + 18k 2 = 72 
=> k 2 + k 2 = 4 

The locus of the centroid is x 2 + y 2 = 4 

30. (a) : We have, x x = ar , x 2 = ar 2 , y x = ks, y 2 = ks 2 
The area of the triangle is given by 



A = i 
2 


-ab 


y\ 1 

72 1 


a 

ar 

ar 2 


ks 


ks 2 1 


1 

1 

1 

= -ab 

1 

1 1 

r 

s 

1 

r-1 

s — 1 0 




2 



r 2 

s 2 

1 


r 2 -1 

s 2 -l 0 


(Applying R 2 R 2 - Ri, R 3 R 3 ~ Ri) 
0 0 1 
1 1 0 
r+1 s+1 0 


= -ak(r-l)(s-l) 
2 


(Applying Q ^ Q - C 3 , C 2 -+ C 2 - C 3 ) 

and taking (r - 1), (s - 1) common from C x and C 2 
respectively 
1 


-ak(r-l)(s-l)(s-r) 
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PRACTICE PAPER 

Useful for JEE (MAIN & ADVANCED), BITS AT and other Engineering Exams 



1. Which of the following is negative? 

(a) cos(tan _1 (tan 4)) (b) sin(cot _1 (cot 4)) 

(c) tan(cos _1 (cos 5)) (d) cot(sin _1 (sin 4)) 

2. If in a right angled triangle ABC , 4 sinA cos B -1 = 0 
and tanA is real then A, 5, C are in 

(a) A.P. (b) G.P. 

(c) H.P (d) none of these 

3. If a and (3 are roots of the equation ax 2 + bx + c = 0 
then roots of the equation 

a(2x + l) 2 - b(2x + 1)(3 - x) + c(3 - x) 2 = 0 are 


(a) 

2a +1 

2(3 + 1 

(b) 

3a+ 1 3(3 + 1 

a-3 ’ 

P-3 

a-2 ’ (3-2 

(c) 

2a -1 

2(3 + 1 

(d) 

none of these 

a-2 ’ 

(3-2 



n 




4. Sum of series ^ (r 2 +1) r! is 

r=l 

(a) (n + 1)! (b) (n + 2)! - 1 

(c) n(n + 1)! (d) none of these 

5. If the sides a, b, c of a triangle ABC are in A.P then 
b u , 

— belongs to 
c 

(a) (0, 2/3) (b) (1, 2) 

(c) (2/3, 2) (d) (2/3, 7/3) 

6. The sum of coefficients of the last eight terms in the 
expansion of (1 + x) 16 is equal to 

(a) 2 15 (b) 2 14 

(c) 2 15 - - (d) none of these 

2 ( 8!) 2 

7. If (1 + x) 5 = a 0 + ape + a 2 x 2 + a 3 x 3 + a 4 x 4 + a 5 x 5 . 
Then the value of (a 0 - a 2 + a 4 ) 2 + (a x - a 3 + a 5 ) 2 is 
equal to 

(a) 243 (b) 32 

(c) 1 (d) 2 10 


8 . 


If all the words formed from the letters of the word 


"HORROR" are arranged in the opposite order as 
they are in a dictionary, then the rank of the word 


"HORROR" is 

(a) 57 (b) 58 (c) 56 (d) 59 


9. Let ax + by + c = 0 be a variable straight line, where 

a, b and c are 1 st , 3 rd and 7 th terms of an increasing 
A.P respectively. Then the variable straight line 
always passes through a fixed point which lies on 
(a) y 2 = 4x (b) x 2 + y 2 = 5 

(c) 3x + 4y = 9 (d) x 2 + y 2 - 13 

10. Three equal circles each of radius r touch one 
another. The radius of the circle touching all the 
three given circles internally is 

(a) (2 + V3)r (b) 

( C ) (2 ~^ } r (d) (2-V3)r 

V3 

11. The equation of the tangent to the parabola 
y = (x - 3) 2 parallel to the chord joining the points 
(3, 0) and (4, 1) is 

(a) 2x - 2y + 6 = 0 (b) 2y - 2x + 6 = 0 

(c) 4y - 4x + 13 = 0 (d) 4x + 4y = 13 


(2 + V3) 


12. The number of rational points on the ellipse 



(a) - (b) 4 (c) 0 (d) 2 


13. The angle between the tangents from (-2, -1) to the 
hyperbola 2x 2 - 3 y 2 = 6 is 
(a) tan -1 (2) (b) n/3 

(c) tan -1 (l/2) (d) n/6 


14. A function F(x) satisfies the functional equation 
x 2 F(x) + F( 1 - x) = 2x - x 4 for all real x F(x) must be 
(a) x 2 (b) 1 - x 2 

(c) 1 + x 2 (d) x 2 + x + 1 


Sanjay Singh Mathematics Classes, Chandigarh, Ph : 9888228231, 9216338231 
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sin 


is equal to 


15. lim 

x—>o 




Wnu + 


22. If I\= \ dx and l2 = \~~—~dx, then 

q sinx Q x 

h_ _ 

h 

(a) 1 (b) 1/2 (c) 2 (d) n/2 

23. If A n is the area bounded by y-x and y = x n ,neN, 

then A 2 . A 3 . A n = 

(a) , 1 ,, (b) 


xtan 1 x 


(a) ln2 (b) 2 ln2 (c) (ln2) 2 (d) 0 

16. The function /(x) = [x] 2 - [x 2 ] (where [y\ is 
the greatest integer less than or equal to y), is 
discontinuous at 

(a) all integers 

(b) all integers except 0 and 1 

(c) all integers except 0 

(d) all integers except 1 


4 


- H- 3 is 


1 + x 


17. If y - —, then the value of . ^ 

u ^ 

equal to 

(a) 0 (b) 3 (c) 4 (d) -3 

18. The points of contact of the vertical tangents to 
the curve whose parametric equation is given as 
x = 2- 3sin0,y = 3 + 2 cos 0 (where 0 is a parameter) 
are 

(a) (2, 5), (2, 1) (b) (-1, 3), (5, 3) 

(c) (2, 5), (5, 3) (d) (-1, 3), (2, 1) 

19. If fix) and g(x) = f(x)\[l - 2(/(x) ) 2 

are monotonically increasing, then V x e R 


(a) \f(x) | < 1 
(c) I fix) | < t 


(b) l/WI <- 


(d) | f(x) | < 


>/2 


20. Let /(x) = 


2x 2 +2/ x 2 


0< |x| <2 

v = 0 


Then f(x) has 

(a) least value 4 but no greatest value 

(b) greatest value 4 

(c) neither greatest nor least value 

(d) least value 1 but no greatest value 

r ,(3x-4\ „ , , r/ w 


(a) e x+2 ln 


(b) -^ln|(l-x)| + ^x + c 

. 8 - , x 

(c) -In \x-l H-he 

3 3 


1 


(c) 


n(n +1) 
1 


2” _1 n(n +1) 


(d) 


2 n(n +1 ) 

1 

2 n ~ 2 n(n +1 ) 




’ 0 -12" 

3x-4 

^ 28. If A = 

i c 

1 0 3 

3x + 4 


-1 

o 

m 

1 

<N 

1 

_l 


(d) none of these 


24. The degree of the differential equation whose 
general solution is given by 

y = (c 1 + c 2 ) cos(x + c 3 ) - c 4 e x+C5 
where q, c 2 , c 3 , c 4 , c 5 are arbitrary constants, is 
(a) 5 (b) 4 (c) 1 (d) 2 

25. If \z 2 - 11 = \z\ 2 + 1 then z lies on a 

(a) circle (b) parabola 

(c) ellipse (d) none of these 

26. A can hit a target 4 times in 5 shots, B three times 
in 4 shots and C twice in 3 shots. They fire a target 
if exactly two of them hit the target then the chance 
that it is C who has missed is 

(a) 6/13 (b) 1/5 

(c) 4/5 (d) 4/15 

27. In a quadrilateral ABCD , let 

cos A sin A cos(A + D) 

A= cos B sinB cos (B + D ), then A is 
cosC sinC cos (C + D) 

(a) independent of A and B only 

(b) independent of B and C only 

(c) independent of A, B and C only 

(d) independent of A, B , C and D all 


, then A + 2A r equals 


(a) A (b) -A t (c) A t (d) 2A 2 
29. A vector of magnitude 3, bisecting the angle between 

AAA — A A A 

the vectors a = 2i+j -k and b — i—2j +k and 
making an obtuse angle with b is 
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(a) 


(c) 


A A 

3 i — i 


4~e 

AAA 

3(* + 3j —2 k) 


(b) 


(d) 


i +3j — 2k 

4u 

A A 

3 i~j 


(a) 1 


(b) 2 


(c) 0 (d) -3 


SOLUTIONS 


. 2 A 1 
sin A = — 


sin A = 


1 


=> B = - 
3 

So angle —, —, — are in A.P. 

6 3 2 

„ „ (2x + l) 2 , (2x + l) 

3. (b): a - ——\~b — -:—l-c —0 


71 

6 


(x-3) 2 (x-3) 


2x + l 2x +1 0 

-= a or -= B 

x-3 x-3 

2x + 1 = ax - 3a 

1 + 3a 1 + 3(3 


x(a - 2) = 1 + 3a 


x = - 


a 


-2’ (3-2 


4. (c) : T r = (r 2 + 1 + r — r) r! 
=> T r = r(r + 1)! - (r - 1) r! 

S„ = n(n + 1)! 

5. (c) : a = 2b - c 


a + b > c 


Also, + c > a 


2b - c + b > c 
b + c> 2b - c 


b 2 
->- 
c 3 

b 

— < 2 
c 


b 2 ^ 

c e U’ 

6. (c) : Sum of the coefficients of last eight terms 


4u vvv VTo 

30. If plane ax - by + cz = d contains the line 

x-a y-2d z-c u 

- = ^— = -, then - = 

a b c d 


1. (d): (a) cos(tan _1 (tan4)) = cos(tan _1 tan(4 - 7i)) 

= cos(4 - n) = - cos4 > 0 

(b) sin(cot _1 (cot 4)) = sin(cot _1 cot(4 - 7t)) 

= sin(4 - n) = - sin4 > 0 

(c) tan(cos _1 (cos 5)) = tan(cos _1 cos(27i - 5)) 

= tan(271 - 5) = -tan 5 > 0 

(d) cot(sin _1 (sin4)) = cot(sin _1 sin (n - 4)) 

= cot(j[ - 4) = -cot4 < 0 

2. (a) : Since 4sinA cos B = 1, so A and B cannot be 
90° (as if B = 90°, then cos B = 0 and if A = 90°, tanA 
is not defined) 

C = 90° and B = 90° - A 
4sinA cos(90° - A) = 1 


2 16 _ 16 ^ 

- 16 Cg + 16 C 10 + .+ 16 C 16 = “ 

7. (b): Put x = i 

(1 + i) 5 = (a 0 - a 2 + fl 4 ) + i {a x - a 3 + a 5 ) 

|l + i p = |(^o — ^2 ^ 4 ) "h i (^1 — a 3 + # 5 )) 

(( 2 q — ^2 + ^ 4 )^ "h (^1 — a 3 + a^)^ — 2 5 = 32 

8. (b): RRROOH 

5! 


R 


O 


2 ! 2 ! 
^=20 

3! 


- 30 


HR 


4! 


2 ! 2 ! 


= 6 


1 


HORRRO - 1 HORROR 
Total = 30 + 20 + 6 + 1 + 1 = 58 

9. (d) : Let the common difference of A.P is d 
then b = a + 2d and c = a + 6d, so variable straight 
line will be 

ax + (a + 2d))/ + a + 6d = 0 
=> a(x + y + 1) + d(2;y + 6) = 0 
which always passes through (2, -3). 

10. (b) : A DEF is equilateral 
with side 2r. If radius of circum- 
circle DEF is R 1? then 

s 

4 


Area of A DEF = — (2 r) 2 = V3r 2 


V3r 2 = 


2r•2r•2r 
4Ri 



Radius of the circle touching all the three given 
circles = r + R x 

2 r (2 + V3)r 


= r + 


V3 V3 


MPP-3 CLASS XII 


ANSWER KEY 


(b) 


1. (b) 2. (a) 3. (c) 4. (b) ! 

6. (b) 7. (a,b,d) 8. (b,d) 9. (a,c) 

10. (a,b,c,d) 11. (a,b,c) 12. (a,b,c,d) 

13. (b,c) 14. (b) 15. (d) 16. (b) 17. (3) 

18. (3) 19. (1) 20. (7) 
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Again c + a > b => 2b > b b > 0 









































11. (c) :y - 2(x - 3) = 1 gives the point | | and 


1 < 

the required tangent is y- — = l 
or 4y - 4x + 13 = 0. 


7 

x- 

2 


12. (a):^ + >L = 1 

9 4 

Let any point on ellipse be (3 cos0, 2 sin0) 

Since sin0 and cos0 can be rational for infinite many 
values of 0 e [0, 27t]. 

2 2 

13. (c) : — — — = 1; y + 1 = m(x + 2) 

3 2 

or y - mx + (2m - 1) touches the hyperbola 
c 2 = a 2 m 2 - b 2 (2m - l) 2 = 3m 2 - 2 
=> m 2 - 4m + 3 = 0^>m=l and 3 


tan 0 = 


3-1 


1 + 3x1 


0 = tan 1 


14. (b) : We have, x 2 F(x) + F(1 - x) = 2x - x 4 
Replacing x by (1 - x) gives 
(1- x) 2 F( 1 - x) + E(x) = 2(1 - x) - (1 - x) 4 
Eliminating F( 1 - x) from (i) and (ii), we get 
F(x) = 1- x 2 


...(i) 

...(ii) 


15. (b): lim 

x—>0 


(2 sm *-l)[ln(l + sin2x)] 
2 tan -1 x 


lim 


-1 sinx ln(l + sin2x) sin2x 
— x-x—--x-x2 


x 


sin 2x 


2x 


© 
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17. (b) : y = — =^> — = --^ =^> x 2 dy + dx = 0 
x dx x 2 


x z 7 dx 

dy + , =0 


V 1 + x' 


V 1 + x 4 


dy dx 

7 ^ + , =0 






l + x* 
dx 

1 + / Vl + x 4 




dy dx 

7 + 7 - =0 


1 + / Vl + x 4 


dy 


^ + - 


+ 3 = 3 


dx 


18. (b) : For vertical tangents — = oso, we have 

_ dQ 
71 3 k 

-3cos 0 = 0 => 0 = — or — 

2 2 

Corresponding to these values of 0, we have 

x = 2 - 3 sin — = -1, y = 3 + 2 cos — = 3; 

2 2 

371 371 

x = 2-3sin — = 2 + 3 = 5, y = 3 + 2cos — = 3 
2 2 

Thus the required points are (-1, 3), (5, 3). 


19. (c) : g'(x) = 


[1-4 (f(x)) 2 ] f(x) 


sinx 

= 2ln2 

16. (d) : Note that /(x) = 0 for each integral value of 
x. 

Also, if 0 < x < 1, then 0 < x 2 < 1 

[x] = 0 and [x 2 ] = 0 => /(x) = 0 for 0 < x < 1. 
Next, if 1 < x < V2, then 

1 < x 2 < 2 => [x] = 1 and [x 2 ] = 1 
Thus, /(x) = [x] 2 - [x 2 ] = 0ifl<x<V2 

It follows that /(x) = 0, if 0 < x < V 2 
This shows that /(x) must be continuous at x = 1. 
However, at points x other than integers and not lying 
between 0 and V 2 , /(x) ^ 0. 

Thus, / is discontinuous at all integers except 1. 


>/l-2 (/(*)) 2 
Now, as /(x) and^(x) are monotonically 

increasing,/'(x) > 0 and g{x) >0 \f( x )\ < ~ 

20. (d) : For x —> 0 

2x 2 + — —> o° also 2 ^x 2 + — | > 4 


3x-4 

21. (b) : Put ——— = t 
3x + 4 


=> 3x - 4 = 3xt + 4 1 => x — 
r/ \ 41 + 4 

/(0 = - - r + 2 


41 + 4 
3(1-f) 


3(1-1) 

4x + 4 4(x -1) + 8 

2 (x) — —:-- + 2 —-:-:-1- 2 


3(1 - x) 

/(*) = 2-1- 8 


3(1 - x) 


8 


3 3(x -1) 3 3(x -1) 


1 /(x)dx = ^x - ^ In | x -11 +c 






































22 . 


(c): 7 2 =}^-^ 
0 x 
nl ' 4 9ft 

I 2 = [ -^-dQ-- 
J sin 20 
o 

h _, 


dx, x = tan 0 


n/2 

1 r -^*=1 ,, 

2 J sin* 2 
0 



1 1 


n -1 


2 n +1 2(n +1) 


Thus A 2 *A 3 • A 4 .. 


..A = 


1 M 2 3 w-1 


345 w + 1 
1 


2"~ 2 •«(« + !) 


24. (c) : We can write y = A cos(x + 5) - Ce x 
where A = q + c 2 , B = c 3 and C = c 4 e Cs 

— = -A sin(x + 5) - Ce* 
dx 

d 2 y , , r d 2 y * 

=7> —y = -A cos(v + B)- Ce =7> —y + 7 = -2Ce 


dx 

a o 

d y dV v d y 

-^r + — = -2Ce x =—^r + y 
dx 3 dx dx 2 


dx 


Then P(A) = -, P(B) = - and P(C) = - 
5 4 3 


P(C C /E) 


P(A)P(B)P(C c ) 


P(A) P(B)P(C c ) + P{A)P{B c )P(C) + P(A c )P{B)P{C) 
_ 6 _ 

~ 13 

27. (d) : Applying C 3 —» C 3 - Q cos D + C 2 sinD, we get 
A = 0, hence A is independent of A, B , C, D all. 


,2A r = 


0 2-4 
-2 0 -6 
4 6 0 


0 1 -2 

28. (c) : A T = -1 0 -3 
2 3 0 

0 1-2 

2 A J +A= -1 0 -3 = A J 

2 3 0 

Alternate solution : 

(*.* A is skew symmetric) 


A T =-A 
So 2 A t + A=A r + A- A = A t . 


29. (c) : A vector bisecting the angle between a and b is 

a b li+'j-fc 1-2^+fc 

-—- ± in the case- j =— ±- j =— 

| d | | b | V 6 V 6 


z.e., 


A A AAA 

3i-j i+3j-2k 
— 7 =^ or 4= 


Vfi >/6 

A vector of magnitude 3 along these vectors is 

A A A A A 

3(3 f- j) 3(z + 3 /- 2 k) 

- or 


%/To 


Vl4 


dx 
3 2 

d y d y dy 

=> - 7 - 2 + 1 - 7 = ^ 

dx 3 dx 2 dx 

Which is a differential equation of degree 1 

25. (d) : On putting z = x + iy the equation is same as 
\x 2 - y 2 + 2ixy - 11 = x 2 + y 2 + 1 

=^> (x 2 - y 2 - l ) 2 + 4x 2 y 2 = (x 2 + y 2 + l ) 2 

=> x = 0 

=> z lies on imaginary axis, so (a), (b), (c) are ruled 
out. 

26. (a) : Let A represents the event A hits the target', 
B represents the event' B hits the target', C represents 
the event 'C hits the target' and E be the event that 
exactly two of A, B and C hit the target. 


3 A A # A A 

Now, —j= (i+ 3 j- 2 fc) • (i-2 }+ k) is negative and hence 
(i + 3 j- 2 £) makes an obtuse angle with b 


Vl4 

30. (b) : Given plane contains the line 

=> a 2 - b 2 + c 2 = 0 

and a 2 - 2bd + c 2 = 0 

By using (i) and (ii) we get bid = 2 


... (i) 
...(ii) 

<$><$> 
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SOLUTION SET-174 


1 . (b) : We have a n = a n _ x - a n _ 2 + a n _ 3 - a n _ 4 for n > 5 
a 5 = a 4 - a 3 + a 2 - a 1 - 23 - 20 + 75 - 11 = 67 

0 ^ — 0 3 — CL^_ + 0 3 ~ = — ^1 

0 y — 0 ^ — 0 3 + 0 ^ — 0 3 = — 02 

0g — — 0 3 , 0^ — — $4, 0 ^q — — 0 3 

0]j = ^1> ^12 = ^2> ^13 = ^3> ^14 = ^4? ^15 = ^5 

Hence, 0 31 - 0 53 + 0 75 = 0 X - 0 3 + 0 5 = 11 - 20 + 67 = 58. 

1 

2. (b) : xyz = 1, x + — =5 => x + xy = 5 

1 * 

But y + - = 29 

X 


5 - x _ 1 29x -1 

-= 29 - - =- 


1 

x — — 
5 


Now, 7 = 29 ■ 


x 


■y = 29 - 5 = 24 


Also, — = 5 — x = 5- — = — =^> z = — 
z 5 5 24 

15 11 

Z H-—-1-— — 

7 24 24 4 


3. (d) : A 


v 


T + S T 

r l ) 


i(s 2 +I(s-fl) 2 ) 

2 ^ 


1/2 r 2 2\ . Cl + b Z + C Z 

= —(a z +b z +c z ) = 4 - 

A l 4A 

= 4(cot A + cot B + cot C) 


4. (c) : OA = a + bcot0 ^ 

OB = b + atanB 

(a, b) = (4,1) * 

=> OA + 05 = 5 + 4tan0 + cot0 0 a a 

> 5 + 2a/ 4tan0 • cot0 = 9 > by A.M. and G.M. inequality. 


OhJ A, b) 


5. (a) : 


a y z 
x b z 


0 


x y c 

Using ^ Ry — R \, R 3 —^ R 3 — R^, we get 
a y z 

x - a b - y 0 

x -a 0 c-z 


0 


C ^ 

Using C, -> ——, C 2 — 1 T , C, -> , we get 

x- a 


c ' ,c^ c ' 


y-b 


z-c 


y 


x-a y-b z-c 
1 -1 0 
1 0 -1 


— 0 : 


a y z 

+ ^—+-= 0 


x-a y-b z-c 


X^- = -2 and Z—— 


x-a 


x-a 


= 1 


Z^ = -l 
x-a 


6. (b, c) :Let 0 < b < c be selected numbers, a + b + c = 30 

a - 0, (b, c) = (1, 29), (2, 28),.(14, 16), 14 pairs 

a=l, (b, c) = (2, 27), (3, 26),.(14, 15), 13 pairs 

0 = 2, (b, c) = (3, 25), (4, 24),.(13, 15), 11 pairs 


a - 9, (b, c) = (10, 11), one pair 
The total number of ways = 

- (3 + 6 + 9 + 12 + 15) = 75 = 3 X 5 Z 


, + 15 


7. (c) : [sin 1 x] = 


[cos 1 x] = 


0 in [ 0 , sinl) 
1 in [sinl, 1 ] 
1 in [ 0 , cost] 

0 in (cost, 1 ] 


/(x) = [sin l x] + [cos l x] 


1 in [ 0 , cost] 

0 in (cosl, sinl) 
1 in [sinl, 1 ] 
/(x) is not differentiable at x = cos 1 and sin 1 . 

8 . (a) : /(x) = 0 in (cos 1 , sin 1 ) 

The length of the interval = sin 1 - cos 1 


4~i 


sinl cosl 


V 2 V 2 


\ 

= V 2 sin 

1 -* 

) 

V 4 J 


>x 


9. (d) : The girls can sit in 1 , 2 ; 2 , 3 ;_; 11 , 12 = 22 

ways. If one boy sits between them, they sit in 1, 3; 2, 4; 
.; 10 , 12 = 20 ways 

If two boys sit between them, they sit in 
1, 4; 2, 5;.; 9 12 = 18 ways 

The desired number is 12 ! - 60*10 ! = — • 12 ! 

11 

1 t 1 

10. (d): P. xy = -,x = -,y = — 

Tangent — + ~ y = ~ => OA = t,OB = - 
OA-OB = 1 

Q. Tangent at (cos 0, sin 0) is xcos 0 + y sin 0 = 1 

OA = sec 0, OB = cosec 0 => —= 1 

OA 2 OB 2 

R. Tangent at (cos 4 0, sin 4 0) is 
xsin 2 0 + y cos 2 0 = sin 2 0 cos 2 0 

OA = cos 2 0, OB = sin 2 0, OA + OB = 1 

S. Tangent at (cos 3 0, sin 3 0) is 
x sin 0 + y cos 0 = sin 0 cos 0 
OA = cos 0 , OB = sin 0, AB = 1 
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YOU ASK 

WE ANSWER 

Do you have a question that you just can't get answered? 

Use the vast expertise of our MTG team to get to the bottom 
of the question. From the serious to the silly, the controversial 
to the trivial, the team will tackle the questions, easy and tough. 
The best questions and their solutions will be printed in this 
column each month. 

1. If A x (B x C) = B / 2 and A, B , C are unit vectors 
then find the angle between A and C. 

(Prashant Aditya, Patna) 

Ans. Given, Ax(Bx C) = — 

2 

Also, A x (B x C) = (A-C)B-(A-B)C = - 

2 

On comparing coefficients, we have 
B 


(A • C)B = — and (A • B) C = 0 


A • C = — 
2 


|A||C||cos0| = - 


0 = - 
3 


Ans. Let the G.P. be a v ayr, a l r 2 , ... , a x r n 1 
A 


a 1 +a 2 +... + a n _ a x ^ w _ 2 ^ x 


—- (1 + r + r 2 + ... + r n x ) 
n 


1 -r n 
K l ~ r J 


J n = ( a i a 2- a n) n = {a x r 1+2+ - +(<n = a x A n 1)72 


EL 


n 


1 1 1 

— + —■ + ... + — 
a x a 2 a. 


i L i 1 

— 1 + - + ...+ 


n u \ 


,n -1 


= na^ -r 


n-1 


1-r 

1^7 


.\ AH=aU n ~^ = Gl 

n n I 7-z 

The G.M. of Gp G 2 , ... , G n is (GiG 2 ...G^ ) 

= {A x H x -A 2 H 2 ...A n H n y n 

= (A 1 A 2 .,J„x ¥r ..H„r. 

r -1 n 6 




3. Let A„ = 


(r -1) 2 2n 2 4n - 2 

(r -1) 3 3 m 3 3m 2 - 3 n 


Find the sum ^ A r . (Vidushi Varshney, Delhi) 

r-1 

X ( r -1) n 6 

r = l 
n 

£ (r -1) 2 2n 2 4« - 2 


S. T 


Ans. 

r-l 


r = 1 


r = l 


2. Let a p a 2 , ... be positive numbers in G.P.. For each 
n , let A w , G n , H n be the arithmetic mean, geometric 
mean and harmonic mean of a v a 2 ,... , a n . Express 
the geometric mean of G p G 2 , ... , G n in terms of 
A p A 2 , ... , A n , H V H V ... ,H n . 

(Kushagra Pandey, Hyderabad) 


n(n - 1) 


(n - l)n(2n - 1) 


2 2 


1 

48 


3n 2 

- 3/i 

M 

6 

2 n 2 

2(2 n - 1) 

3m 3 

3 n(n - 1) 

2m 

12 


(n - 1 ) n 


(n -1 )n 

(n - l)n(2n - 1) 12n 2 12(2 n - 1) 

(n-l)V 12 n 3 I2n(n-l) 


By taking factors [n - 1) n from C p 2n from C 2 and 12 
from C 3 , we get 

1 1 1 


1 2 

— (n — 1 )n 
2 


2n-l 6n 2n-l 


(n -1 )n 6n 2 n(n - 1) 


0 
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Subscribe to MTG magazines today. 

Our 2017 offers are here. Pick the combo 
best suited for your needs. Fill-in the 
Subscription Form at the bottom and 
mail it to us today. If in a rush, log on to 
www.mtg.in now to subscribe online. 

*0/7 cover price of X 30/- each. 


About MTG's Magazines 

Perfect for students who like to prepare at a steady pace, MTG's 
magazines-Physics For You, Chemistry Today, Mathematics Today 
& Biology Today-ensure you practice bit by bit, month by month, 
to build all-round command over key subjects. Did you know 
these magazines are the only source for solved test papers of all 
national and state level engineering and medical college 
entrance exams? 



Trust of over 1 Crore readers since 1982. 


Practice steadily, paced month by 
month, with very-similar & model 
test papers 

Self-assessment tests for you to 
evaluate your readiness and 
confidence for the big exams 
Content put together by a team 


comprising experts and members 
from MTG's well-experienced 
Editorial Board 

Stay up-to-date with important 
information such as examination 
dates, trends & changes in syllabi 
All-round skill enhancement- 


confidence-building exercises, 
new studying techniques, time 
management, even advice from 
past JEE/NEET toppers 
Bonus: Exposure to competition 
at a global level, with questions 
from Inti. Olympiads & Contests 


SUBSCRIPTION FORM 


Please accept my subscription to: 

Note: Magazines are despatched by Book-Post on 4 th of every month (each magazine separately). 
Tick the appropriate box. 

PCMB combo 

Ql yr:? 1,000 
(save X 440) 

PCM combo 

[_11 yr: X 900 

(saveX 180) 

PCB combo 

[_11 yr: X 900 

(saveX 180) 

Individual magazines 


I Physics ■ Chemistry ■ Mathematics ■ Biology 


_j 2 yr: X 1,800 
(saveX 1,080) 


_| 2 yr: ^ 1,500 

(save X 660) 


_| 2 yr: X 1,500 

(save X 660) 


_) 3 yr: X 2,300 
(save X 2,020) 


_13 yr: n ,900 

(saveX 1,340) 


_13 yr: ^ 1,900 

(save X 1,340) 


[_J 1 yr: X 330 
(save X 30) 


_J 2 yr: X 600 
(save X 120) 


3 yr: ? 775 
(saveX 305) 


Enclose Demand Draft favouring MTG Learning Media (P) Ltd, payable at New Delhi. 
You can also pay via Money Orders. Mail this Subscription Form to Subscription Dept., 
MTG Learning Media (P) Ltd, Plot 99, Sector 44, Gurgaon - 122 003 (HR). 


Want the magazines by courier; add the courier charges given below: 
□ 1 yr: X 240 _| 2 yr: X 450 _J 3 yr: ? 600 

Vf Tick the appropriate box. 


_| Student 

Name:_ 


Class XI ■ XII 


_| Teacher Q Library _| Coaching 


Complete Postal Address:. 


Other Phone # 


Email 


E-mail subscription@mtg.in. Visit www.mtg.in to subscribe online. Call (0)8800255334/5 for more info. 
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How to choose the right answer, fast? 



The answer is practice... 

Our team has seen that in NEET, AIIMS, JIPMER and JEE, Multiple 
Choice Questions (MCQs) are based on the NCERT syllabus. Largely!! 
With Objective NCERT at your FINGERTIPS, you can become a pro at 
handling MCQs. Practice to increase your accuracy and improve 
timing with a bank of over 15,000 questions, all framed from NCERT 
course books. Don't take our word, have a look what some of our 
readers have to say... 


■ Chapterwise student-friendly synopses for 
quick-and-easy revision 

■ Topicwise MCQs to check your progress 

■ NCERT Exemplar MCQs 

■ Assertion & Reason questions for an edge in 
your AIIMS/JEE preparation 

■ HOTS MCQs to boost your concepts 

■ 6 Practice papers for self-assessment 


Sanjay Shankar says, “Awesome hook!! Everything is just perfect and the collaboration of the II th and 12 th std.just made it easier for us and with this less 
price. I will definitely recommend this hook for every NEET preparing student. ” 

Shweta says, “Must read for good score in NEET. Many questions in NEET are from this hook in last 3 years. It also covers outside NCERT topics. Nice 
hook. ” 

Vijay says, “This hook is ideal for practising MCQs (chapterwise). It appreciably covers all the important as well as less important questions. HOI'S and 
sample question papers are provided as well No demerits of the hook can he listed. Though, it is not light weighted and thus cannot he carried, you 
wouldn't get bored revising each chapter from the revision section and then answering the questions. The language is appropriate and lucid as well as 
easy to understand. ” 


SJ. Uday says, “It is an awesome hook. Firstly I was scared how it will he, hut after having it, I was amazed. One must have 
this book who is interested in going for the NEET examination." 

Sanal Singh says, “ ‘Book is very good. As it contains all the topicwise questions from every topic of NCER T, one can develop 
a question solving ability and also understand the basic concepts ". 

Sunchri says, “This book contains over 150 MCQs in each chapter, has categories like MCQs, NCERT, HOIS based 
questions, AIIMS assertion reasoning questions. Every chapter gives a short summary of chapter. Great hook for entrance 
exams like NEET, AIIMS etc. ” 

Prashant says, “ The hook is really awesome. It makes you cover up whole NCER T in a simple way. Solving the problems 
can increase your performance in exam. I would suggest each di every NEET candidate to solve the hook. The hook is also 
error free; not like other publications hooks which are full of errors. ” 



Arka says, “It is a nice question hank of NCERT. I think it is the best of its kind. The hook is a must to prepare for NEET. ” 


Application to read 
QR codes required 
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MTG Learning Media (P) Ltd. 

Plot #99, Sector 44, Gurgaon - 122 003 (HR) 


Available at all leading book shops throughout India. 

For more information or for help in placing your order, 
Call 0124-6601200 or e-mail:info@mtg.in 
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The only thing you NEED 

for excellence in Class -12 Boards 


CBSE IIS 

CHAMPION 


CHAPTERWISE-TOPICWISE 



PHYSICS 



CBSE IIS 

CHAMPION 

CHAPTERWISE-TOPICWISE 


MATHEMATICS 



m 

CBSE Its 

CHAMPION 

CHAPTERWISE-TOPICWISE 




ENGLISH CORE 


f 


~... H 

CBSE IIS 

CHAMPION 

CHAPTERWISE-TOPICWISE 




ECONOMICS 


(Si i@ 

CBSE IIS 

CHAMPION 


CHAPTERWISE-TOPICWISE 



BUSINESS STUDIES 


CBSE IIS 

CHAMPION 


CHAPTERWISE-TOPICWISE 



ACCOUNTANCY 


CBSE CHAMPION 

Chapterwise-Topicwise Solved Papers Series 


CBSE CHAMPION Chapterwise-Topicwise Solved Papers Series contains topicwise questions and solutions asked over 
last 11 years in CBSE-Board Class-12 examination. Questions are supported with topicwise graphical analysis of previous 
11 years CBSE Board questions as well as comprehensive and lucid theory. The questions in each topic have been arranged 
in descending order (2017-2007) as per their marking scheme. Questions from Delhi, All India, Foreign and Compartment 
papers are included. This ensures that all types of questions that are necessary for Board exam preparation have been 
covered. 


Important feature of these books is that the solutions to all the questions have been given according to CBSE marking 
scheme. CBSE sample paper and practice papers are also supplemented. 


Examination papers for Class-12 Boards are based on a certain pattern. To excel, 
studying right is therefore more important than studying hard, which is why we 
created this senes. 
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Available at all leading book shops throughout India. 
For more information or for help in placing your order: 

Call 0124-6601200 or email info@mtg.in 



€> MATHEMATICS TODAY | JULY 17 































VIDYALANKAR Continues Legacy of 
Producing NT JEE Top Rankers 








VILLYGOHIL jjj 

AIR-20 £ 


#TjTS 

NAVNEET M. 

AIR-24 1 



AIR-1 


Some of our Toppers at JEE Main 2017 



Tanishq Gupta Praagy Rastogi Harkanvar Singh Prashant S. Vedant M. Neel Karia Ameya P. 

335/360 327/360 326/360 324/360 318/360 313/360 312/360 


Self Study Series for IIT-JEE 


Highlights of our Self Study Series 

• Designed to perfect your conceptual, comprehending & analytical abilities • 15,000 challenging problems with solutions 

• Comprehensive Theory illustrating core concepts & short-cut methods • Online faculty interaction 

• Topic-wise & Full length Tests with performance evaluation • Test-Series and Question Bank 

• Compendium with All Key Formulae & Memory Tips for Quick Revision • Fees: ? 17,500/- (all inclusive) 


NT JEE Self Study Series Concession Scheme 


Merit Concession Category 

Fees Payable (?) 

• Olympiad qualified students [Phy (NSEP)/ Chem (NSEC)/ Astronomy (NSEA)] 

• KVPY Scholarship holders 

Nil 

• Maths (RMO) qualified students/ NTSE Scholarship holders 

• KVPY Level 1 qualified students 

5250/- 

• NTSE Level 1 qualified students 

• Students Scoring 98% and above in Maths and Science in Std. X Board Exam 

8750/- 

• Students Scoring 95% and above in Maths and Science in Std. X Board Exam 

13125/- 

• Students Scoring 90% and above in Maths and Science in Std. X Board Exam 

15750/- 


To enroll: 

Send your application on the below address, stating your name, complete postal address, telephone number, Email ID, course of your interest 
& year of appearing for NT JEE along with necessary documents, one Passport size colour photograph 8i Money Order / Bank Draft payable at 
Mumbai, in the name of "Vidyalankar Classes and Publications" 

For online payment visit : epay.vidyalankar.org 

Corporate Office : Vidyalankar (51), Pearl Center, Senapati Bapat Marg, Dadar (W), Mumbai - 400 028. 

Tel.: (022) 4232 42 32 / 2430 63 67 Fax : 022-2422 88 92 Email: iit@vidyalankar.org Web site: www.vidyalankar.org 
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Get a taste of 
competition early on 

Inviting JEE aspirants to participate in 
SOF International Mathematics Olympiad 


\ 1 / 



SOF INTERNATIONAL 
MATHEMATICS OLYMPIAD 

DEC. 5 & DEC. 14 

Millions of students compete in the SOF Olympiads. School Principal or your school's SOF Olympi- 
Can there be a better, global, competitive platform ads Coordinator immediately. For more info, 
for you to assess your readiness for success in JEE? log on to sofworld.org. 

To participate, all you need to do is contact your 


Top rank at the International level gets you a Gold medal and prize money - a cool Rs 50,000 plus exciting 
gifts. Top rank at the zone level gets you a Gold medal and prize money ofRs 5,000 plus gifts. Many more 
prizes too, visit sofworld.org for details. Or just scan the QR code with your smartphone or tablet. 



SCIENCE OLYMPIAD FOUNDATION 

Inspiring Young Minds 
Through Knowledge Olympiads 


Registrations closing soon. Hurry! Contact your Principal / School SOF Olympiads Coordinator today. 
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Study right. Dig deep. 

Build a solid foundation for success 
inJEE Main 



PHYSICS 



CHEMISTRY 




MATHEMATICS 



Are you a do-it-yourself type of a student? Then for success in JEE Main, choose MTG's 
JEE Main combo, comprising coursebooks for Physics, Chemistry & Mathematics. This 
combo is all class 11 and 12 students need for a solid and deep understanding of 
concepts in these three key subjects. 


FEATURES: 

• Based on latest pattern of JEE Main 

• Full of graphic illustrations & MCQs for deep understanding of concepts 

• Covers the entire syllabus 

• NCERT Drill MCQs framed from NCERT Books 

• 11 Years (2017-2007) Previous Years MCQs of JEE Main / AIEEE 

• 2017 JEE Main (Offline & Online) Solved Paper included 
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Available at all leading book shops throughout India. To buy online visit www.mtg.in. 

For more information or for help in placing your order, call 0124-6601200 or e-mail: info@mtg.in 
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AAKASHIANS OUTSHINE 
in JEE (Advanced) 2017 


Our Performers within Top 100 AIR (All India Rank) from General Category 



th 

AIR 

Aashish Waikar 

Course: 2 Years DLP 


th 


Shashij Gupta 

Course: 2 Years DLP 




9^11 Aakashians qualified 

in JEE (Advanced) 2017 

MM Classroom + 2t1 Distance 


3 in Top 10 | 23 in Top 100 | 115 in Top 500 | 216 in Top 1000 

- from All Categories (Classroom + Distance) - 
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TWO YEAR INTEGRATED COURSE 

NEET & AIIMS | JEE (Main & Adv.) 

& Other Medical / Engg. Ent. Exams 2019 
For Class XI studying students 


REGULAR COURSE POWER STEP COURSE 

NEET 8 AIIMS | JEE (Main) JEE (Main 8 Advanced) 

& Other Medical / Engg. Ent. Exams 2018 8 Other Engg. Ent. Exams 2016 

For Class XII passed students For Class XII passed students 


Admission cum Scholarship Test (ACST) Dates: 9th, 16th Si 23rd July, 2017 


DIGITAL & DISTANCE 

k 

^Aakash 

Aakash BffiT 

Aakash iTutor' 

LEARNING PROGRAMS 


L- J Nikki iMntfa* h»r» 

Printed Study Material 

Live Online Classes 

Recorded Video Lectures 


Thonjh every care has been taken to publish the result correctty. yet the institute shall not be responsible for errar. if My. 



Aakash 

Medicall 1IT-1EEI Foundations 

(Divisions of Aakash Educational Services Pvt. Ltd.) 

Registered Office: Aakash Tower, 8, Pusa Road, New Delhi-110005. F»h.: (Oil) 47623456 I E-mail: iitjee@aesl.in | medical@aesl.in 
SMS Aakash to 53030 | TOLLFREE: 1800-180-2727,1800-102-2727 | Helpline: 39454545 | Give a Missed Call: 9599698643 

0 www.aakash.ac.in f facebook.com/aakasheducation ^ www.youtube.com/AakashEducation fc twitter.com/aakash_twitted & aakashinstitute.blogspot.com 





























